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FOREWORD

This report was prepared by the Institute of Sound and Vibration Research
at the University of Southampton, England, for the Aero-Acoustics Branch,
Vehicle Dynamics Division, Air Force Flight Dynamics Laboratory, Wright-
Patterson Air Force Base, Ohio under contract number AF 61(052)-756. This
research is part of a continuing effor* Lo obtain advanced data and techniques
for defining vibration and acoustic pl -nomensz in flight vehicles under the
Air Force System Command's explcratory development program. The Project Number
is 1471 "Aero-Acoustic Problems," and Task Number 147102 "Prediction and Control
of Noise." Mr. P. H. Hermes and later Mr. D, L. Smith of the Aero-Acoustics
Branch were task engineers.

The contract was administrated by the Air Force Flight Dynamics Laboratory
through the Buropean Office of Aerospace Research (OAR), United States Air
Force.

The period covered by this contract is from 1 November 1963 to 30 November
1966. This report which discusses a complete phase of the research work is one
of two reports generated under the contract. These reports conclude the work
on Contract AF 61(052)-756. The assistance of Professor E. J. Richards, the
Contract Supervisor, and Dr. D. J. Mead during the investigation is gratefully
acknowl edged.

The manuscript of this report was released by the authors on 30 December
1966 for publication as an AFFDL Technical Report.

This technical report has been reviewed and is approved.

Chief, Vehicle Dynamics Division
AF Flight Dynamics Laboratory
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The response of a series of single, fully—fixed, panels to turbulent
boundary layer excitation has been measured in a subsonic wind tunnel for
flow velocities of 329 ft/sec and 540 ft/sec, and boundary layer thicknesses
in the range O.4 inch to 1.4 inches. When the results are compared with
theoretical predictions based on simply supported mode shapes, the magnitude
of the displacement is overestimated but the effects of boundary layer
thickness, pressure field convection direction, panel aspect ratio and static
pressure differential are well predicted. The effect of flow velocity is

not predicted accurately.

N
\

The boundary layer thickness affects the panel vibration mainly through
the pressure spectrum, the modal response increasing to a maximum when the
spectral density at the natural frequency reaches a maximum. The overall
displacement is determined by the dominant low order modes and reaches a

meximum for thick boundary layers.

The maximum response in some modes of a panel can occur at an angle of
convection 0° < 8 < 900, but in other modes the maximum occurs at 8 = 0° or
90°.  The angle of convection has only a small effect on the (1-1) mode.
The static pressure differential increases the panel natural frequencies
and decreases the response, the latter change being due mainly to the change

in the panel stiffness.

The theory overestimates the effect of flow velocity near coincidence
and underestimates the effect elsevhere. The error may be caused by the
assumed theoretical mode shape but more experimental data is required.

Random techniques are used to measure the panel damping in the presence
of an sirflov, and the results shov a general increase over the zero airflow
values. In several cases the change is small, but restrictions on the use
of the methods prevent a detailed investigation.
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SYMBOLS
a Correlation exponential decay parameter; equation (2.53).
81,8, Longitudinal correlation decay parameters; equations (2.83)
(2.84).
84,8, Lateral correlation decay parameters; equation (2.54).
al' Longitudinal correlation decay parameter for inclined flow,
equation (2.91).
aj’ Lateral correlation decay parameter for inclined flow;
equation (2.91).
A Area of structure. For panel A = L;L,.
b Typical excitation wave number b = ©/U (w).
b, Longitudinal wave number for inclined flow; b, = b cos 6
b3 Lateral wave number for inclined flow; b3 =D sin 6
B Defined by equation (A.L).
c Lateral correlation term; equation (2.54).
C Speed of sound.
C Viscous damping rate.
, Ca Generalised damping coefficient in ath mode.
; Cae Effective viscous damping coefficient in terms of the
: hysteretic damping; C = Kv, .
; c (x',x",u) Real part of cross power spectral density function Sp(g'tg",w)
¢ C_ (x ',x ",0) Real part of longitudinal cross power spectral density
. pL 1 1 : ' "
q function Spl(xl WX, S0) .
f c (xa',x3"$w) Real part of lateral cross power spectral density function
3 spa(xs"xan’“)'
! Cp(£1“.53,w) - Cp(_)g' ,X",0) for homogeneous pressure field
_ C, Displacement probe capacitance.
i Ev Probe capacitance for parallel surfaces separated by distance ;.
Lateral correlation term; equation (2.5h4).
d Defined by equation (2.57).
d Defined by equation (2.66).
r
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SYMBOLS (Cont.)

Defined by equation (2.59).
Flexural rigidity of a plate.

Weighting function in the computation of S'(p(x'),w(x'),w);
equation (L4.21).

Defined by equation (L.32).

Complex conjugate of DaB'

Real part of DaB ; equation (4.32).

Imaginary part of DaB s equation (h4.32).

Youngs modulus for the panel material, in x; direction.

Youngs modulus for the panel material, in x; direction.

Frequency in cycles per second.
Natural frequency of mode of order r for one-dimensional system.

Natural frequency of mode of order a¢ = m,n for two-dimensional
system.

Centre frequency of analysing filter.
Filter bandwidth at the half-power point.
Measured bandwidth of & resonance peak.
True bandwidth of a resonance peak.

Excitation force amplitude.
Defined by equation (A.9).

Defined by equation (2.24).

Single-sided spectral density function measured in practice
G(f) = 2nG(w).

Single-sided spectral density function in terms of w
G(w) = 2 s(w).

Panel displacement spectral density function.

Measured panel displacement spectral density function
uncorrected for resolution loss.

Equivalent displacement spectral density function representation
of background vibration, equipment noise, etc.
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SYMBOLS (Cont.)

Impulse respose function for mode of order o.

Def'ined by equation (2.24).

Complex response function for mode of order a ; equation (2.16).
Complex conjugate of Hu(w).

Complex response function.

Complex response function of an analysing filter.
= /-1

Defined by equation (2.21).

Defined by equation (4.28).

Joint acceptance term in X, direction (m=r).

Real part of cross acceptance term in x; direction; equation (2.42).
Joint acceptance term in x5 direction (n=s).

Real part of cross acceptance term in x, direction; equation (2.43).
Displacement joint acceptance for mode a; equation (2.20).

Displacement cross acceptance for mode a; equation (2.20).

Constant of proportionality.
Defined by equation (C.h).

Range boundary for excitation longitudinal narrow band
correlation coefficient (Section A.5).

Range boundary for excitation lateral narrow band
correlation coefficient (Section A.5).

Imaginary part of cross acceptance in x, direction; equation (2.44).
Generalised stiffness in modes of order r and a respectively.
Constants defined by equations (B.5) and (B.1k).

Arc length for function S(p(x'),w(x"),w).
Typical structural length.

Panel length in x, direction.

Panel length in X, direction.

Generalised external force in mode of order a; equation (2.4).

Mode order in x, direction, denoting the number of modal
half-vavelengtﬂs.

Mass per unit area.

Generalised mass in modes of order r and a respectively.
equation (2.4)

Free stream Mach number.




.W.
o

Y ——— 2 et e

P

‘:' é mmﬂm’#&lmﬂé’wﬁmnmsmw S g e g
]
SYMBOLS (Cont.)
n Mode order in x, direction, denoting the number of
modal half-wavelengths.
N Number of periods in autocorrelation function; N = 7.
p = p(x,t) Pressure at point x and time t.

Mean square pressure.
Defined by equation (2.57T).

p:r Defined by equation (2.66).

pﬁ(a) Defined by equation (2.59).

pés Defined by equation (2.68).

AD Static pressure differential.

q, Free stream dynamic pressure.

9 Defined by equation (2.57).

U Defined by equation (2.66).

qg(a) Defined by equation (2.59).

qﬁs Defined by equation (2.68).

qn(t) Generalised co-ordinate of mode of order o

Q(E' ,_]E"gw)

(xl',x

Complex part of S;(E."E."’”)°
, 1",m) Complex part of S;l(xl',xl",m).
Qp3(x3"x3"’m) Complex part of 553(13"x3",m)-

T Mode order in x, direction, denoting the number of modal

half-wavelengths.
Alternatively, radius of displacement probe element.

R Outer radius of displacement probe guard ring.

R(p(x'),w(x")1) Cross correlation function between pressure p(x,t) and
displacement w(xit); equation (h4.1k).

Rd(r) Displacement autocorrelation function; equation (2.10).

R_(x",x",7) Pressure cross correlation function; equation (2.12).

,T;w) Filtered pressure cross correlation function defined in

R (€, ,€
Pdw 71773 equation (A.1l).
8 Mode order in x, directicn, denoting the number of modal
half-wavelengths.

S(p(x"'),w(x"),w) Cross power spectral density function between excitation
pressure p(x',t) and displacement w(x)t); equation (4.14).

S*(p(x'),w(x")w) Value of S(p(x'),v(x"),w) computed from cross correlation
function; equation (4.21).

xviii




W ER

SYMBOLS (Cont.)

Sd(w) Displacement power spectral density function; equation (2.14).
Sp(w) Pressure power spectral density function.

Sp(g'zg",w) Pressure cross-power spectral density function; equation (2.15).
S;(y X" yw) Complex conjugate of Sp(;' 3X",0).

sp(_g ,m)ESp(gl,Es,w) Alternative form of Sp(g' ,X",w) for homogeneous pressure
field.

S 1(xl',xl",m) Longitudinal pressure cross-pover spectral density function;
P equation (2.29).

S 3(x3',x3".w) Lateral pressure cross-power spectral density function;
P equation (2.29).

SZ Defined by equation (4.31).

S; Defined by equation (4.31).

t, T T me parameters.

Uo Free stream velocity. -

N Locael flow velocity in x, direction.

Uc Overall convection velocity of boundary layer presswre field.

U, = Uc(m) Rarrow band pressure field convection velocity at frequency w.

v Tape recorder speed

w(x,t) Structural displacement.

v Displacement amplitude.

w! Measured amplitude in multidegree of freedom system.

v, Displacement of single degree of freedom system at , = W, .

v; Measured displacement at u = w.

v; Measured displacement at half-pover point.

x Distance measured along tunnel vorking section, in downstream
direction.

x z ("x "‘3)' Distance vector in (:tl ,xa) plane.

X)X,y Rectangular co-ordinates vith panel in (xt.x3) plane and
positive Xy Xg directions parallel to the panel axes.
X, in flov direction when 6 = 0.

Y Distance betveen probe face and structure.

y Mean distance betwveen probs face and structure.

y' Indicated distance between probe face and structure; equation (3.k).
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Zl(w),Zz(m)
Zr(m) .

SYMBOLS (Cont)

Value of y' when probe guard ring touches the structure.
Value of y when probe guard ring touches the structure.
=y - y'. Difference between mean and measured seperations.

Rectangular coordinates in plane of panel, positive y, direction
in the flow direction. '

Complex impedance of the structure.

Complex conjugate of Ya(m).

Defined by equation (3.3).
Constant; equation (4.38) et seq.
Frequency response Tunctions of analysing filters.

Complex conjugate of Zl(w).

Two-dimensional mode order o = (m,n).

Constant coefficients in longitudinal narrow band pressure
cross correlation coefficient; equations (A.19), (A.20).

Constant coefficients in lateral narrow band pressure cross
correlation coefficient; equations (A.21), (A.22).

Constant coefficient in narrow band convection velocity
function; equation (A.23). |

Two-dimensional mode order B8 = (r,s).

Measure of inverse radius of turbulence component.

Eigenvalue corresponding to the free vibration of the mth order
mcde of a string.

Defined by equation (C.2).

Defined by equation (C.3).

Defined by equation (C.k).

Measure of correlation area of the pressure field; I' = %%
Bouadary layer thickness.

Boundary layer displacement thickness.

Viscous damping factor in mode of order a.

Defined by equation (2.57T).

= X/|wr|

Standard deviation error for G(f); Section B.1l.

Pressure correlaticn length defined by cos wg = O.
Ue
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SYMBOLS (Cont.)

Value of ¢ at f f .

m,n
(yl ,Y3 ) direction.

Separation in y

Angle between positive X, direction and flow direction, i.e.
angle between positive X, and ¥, directions.

Mean stetistical lifetime of an eddy.

Defined by equation (B.10).

Constant coefficients in narrow band convection velocity
function; equation (A.23).

= v (xA(x").
Excitation wave length.
Modal wavelength = 2L1/m.
Defined by equation (L4.20).
Panel mass per unit area.

Hysteretic damping factor, or loss factor, for modes of order
r and o respectively. Defined in terms of the complex
stiffness K(1 + iv).

Separaticn in x direction.

Density.

Free stream density.

Radius of curvature of S(p(x'),w(x"),u).
Autccorrelation coefficient.

Narrow band pressure cross-correlation coefficient;
equation (A.5).

Poissors ratio for the material of the panel.
Time delay.
”i =1+ v%; equation {B.9).

Angle of inclination between displacement probe face and
structure.

Defined by equation (B.10).
Defined by equation (4.23).

Off-resonant contribution to vibration in the neighbourhood of
a natural frequency.

Measured displacement at a frequency removed from any natural
frequency.

Mean value of Xy from velues either side of a natural frequency.
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SYMBOLS (Cont)

wm(xl),w“(xl) Mode shapes of order m and r'in the x; direction.

wn(x3),ws(x3) Mode shapes of order n and s in the x, direction.
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wa(g),ws(z) Panel mode shapes of order o end f.
¥(f) Defined by equation (B.10).
W' Angular frequency, radians per second.
W) 50, Angular frequencies at half-power points.
SN Angulsr frequencies of modes of order r and o.
Aw Angular frequency bandwidth.
9669,53,0) Defined by -equation (A.9).
c
; < > Mean value.
I Modulus .
;
¥
]
t |
|
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CHAPTER 1

Review of Previous Work and the Aims of the Investigation

1.1 Introduction to the General Problem

The study of the response of flexible structures to turbulent boundary
layer excitation became important with the advent of high speed subsonic
passenger carrying aircraft, but the problem has applications also in the
design of missiles and in underwater investigations. The response of the
| _; structure is of direct interest because the turbulent boundary layer might

induce disturbing vibration levels in the neighbourhood of sensitive equip-

g § ment or might create levels of vibration which, although not very high,
% could produce or accelerate structural fatigue because of the long term
- exposure. The vibration is of interest also because of the transducer
¢ action in converting the hydrodynamic fluctuations in the boundary layer

into acoustical energy which is radiated into the interior of the body or

into the surrounding fluid. The efficiency of the structure as a transducer
will depend on the response to boundary layer excitation and on the radiation
efficiency of the structure. A study of the vibration of structures exposed

to turbulent boundary layer excitation is essential, therefore, in under-

standing the fatigue and noise radiation problems.

1.2 Review of Previous Work

1.2.1 General Review

; i The response of structures to random excitation has been studied

N theoretically by a number of authors, for a range of excitation conditions

: and for structures ranging from strings to panel arrays. In some cases

the aim of the investigation has been the prediction of structural vibration,
whilst in others the work has been extended to include the estimation of the
acoustic radiation from the structure. Experimental investigations are much

smaller in number and the more important ones have been reported during the

St g et

progress of the present work. 1In only two or three cases has there been
any attempt to compare the measured vibration with that predicted and in two
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cases the work was concerned largely with the occurrence of running waves

in the experimental panels.

In the following review of work by other authors it is intended to
restrict discussion to only the more important published results, and to

omit discussion on the acoustic radiation problem.

1.2.2 Theoretical Investigations

The theoretical investigations considered have one tommon assumption,
that there is no interaction between the plate vibration and the excitation
field. This means that it is assumed that the excitation field is identical
to that on a rigid surface and, for example, instabilities such as panel
flutter cannot occur. With two exceptions the structures are all of finite
size and are in the form of strings, beams, single panels, or panel arrays.
The exceptions are the structwies considered by Ribner (1956) and Corcos
and Liepmann (1956) which are infinitely large plates, Corcos and Liepmann
claiming that the assumption is valid since the mean square acceleration,
integrated over the panel area, does not depend significantly on the
boundary conditions. When considering the local vibration the assumption
is not necessarily a valid one and the infinite model does not provide a
good representation of practical structures. For obvious reasons the
infinite panel response spectra will not contain resonance peaks.

Kraichnan (1957) assumed initially that the structure was a semi-infinite
plane but, when considering the structural vibration, he divided the plane
into a series of independent square panels so that the analysis was
essentially that of a finite structure. In all analyses except that of
Dyer (1958) it was assumed that the vibrating structure was bounded on
each eide by a semi-infinite space, and even then the case of a panel
radiating into a closed box was considered by Dyer only as a special

radiation case.

The analysis of the finite structure was carried out in all
investigations by the use. of the normal mode approach and the majority of
authors assumed that the structural boundaries satisfied the conditions
for simple supports. This assumption does not affect the main conclusions

-2-
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of the investigations, but it simplifies the theoretical analysis.

Bozich (1964) has compared results for simply-supported and fully fixed
plates subjected to acoustic excitation and has shown that, exce;t for

a very rapidly decayinglexcitation field, the assumption of simply-sujported
boundaries overestimates the response by a factor of up to two. However,
the variation of response with frequency is similar for the tivo edge

conditions.

The derivation of the structural response function differs from author
to author but it is possible to separate the methods into two general classes
in which the response is expressed in either the frequency or the time domain.
The two alternatives are in fact equivalent because the analysis can be trans~
formed from one domain to the other by Fourier transformation, but differences
do arise in the specification of the excitation function. In the time
domain the excitation is defined in terms of the overall pressure cross-
correlation function Rp(§1,§3,r) and in the frequency domain in terms of
the pressure cross-power spectral density function Sp(El,Ea,w). The
theoretical investigations contain several types of random excitation but
interest in the present discussion is centred primarily on acoustic and
turbulent boundary layer pressure fields. In some investigations, particularly
the early work of Ribmer (1956), Corcos an” Liepmann (1956), Lyon (1956) and
Kraichnan (1957), there were only simple attemwpts at representing the boundary
layer pressure field and the resulfs vere published in general terms using
non-dimensional parameters. Later work contained attempts to represent
the pressure fluctuations in a nore realistic manner but, following the
lead of Dyer (1958), complications in analysis were reduced by adopting a
delta function representation of the buundary layer cross-correlation function.
This simplification was restricted to the spatial terms except in the work
of Eringen (1957) who used a delta function also in the time domain. Usually
it was assumed that the correlation coefficient decayed exponentially with
time. Thus the boundary layer pressure cross-correlation function proposed

by Dyer (1958)
<p(x1,x3,t) p(x1+E1,x34E3, t+1)> = <p?> exp (-y V((El'ﬁc‘)z*ﬁg) - l;‘lf )

[ I} (101)
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was reduced by Dyer, and later by other authors, to the form

kil

%

<plx1,x3,6)p(x+6;, xg+E3, t+1)> = <p?> T8(E1- Ugr)é(E3)e
e .. (1.2)

where-l is a measure of the radius of a turbulence "eddy", 6, is the mean
statlstlcal lifetime of the turbulence, <p2> is the mean square boundary
layer pressure fluctuation, T' = %7 is defined to be a measure of the
correlation area of the pressure field, and Uc is the overall convection

velocity.

The parameters I, y, 6, and ﬁc in equation (1.2) are overall values

and are independent of frequency, but 6, and y (and hence T') can be expressed,

empirically, in terms of the boundary ;ayer displacement thickness &%,

For simplicity the overall convection velocity ﬁc is assumed to be independent
of £,, although boundary layer measurements (e.g. Bull (1963)) show this to
be incorrect. The assumption of a constant velocity Gc can be interpreted
to imply that pressure eddies are convected at a speed which is independent

of frequency, again in contradiction to measurements (Figure A.T).

In the frequency domain the pressure cross-power spectral density
function Sp(£1,§3,w) has not been measured directly but it can be replaced
by the product of the power spectral density function Sp(w) and the narrow
band cross correlation function, both of which have been measured. Tack and
Lambert (1962) adopted a system which lies between the frequency and time
domain methods and is not legitimate in a strict sense. The analysis was
carried out in the time domain but in the final results it was assumed
that [ and et in equation (1.2) were frequency dependent and corresponding
empirical values were inserted. However,-by definition, the right hand

sides of equations (1.1) and (1.2) are independent of frequency.

Working in the frequency domain Powell (1958a) expressed the displace-
ment pover spectral demsity function for a single panel in terms of a
double summation of the normal modes of order a and B. The summation was

b
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separated in two parts, o = B and o # B, and the associated terms were
identified by Powell as the joint acceptance and cross acceptance respectively.
Powell did not substitute particular representations for the excitation but
showed that, in general, the cross terms could be neglected if the damping

was sufficiently small, and that if the response was averaged over the panel
surface, the cross terms would have a zero contribution due to the orthogonality
property of the modes. In later work, Powell (1958b) used the general dis-
placement power spectral density function to consider the vibration of strings
under various random loads, and discussed the application to aircraft
structures excited by jet noise. Nash (1961) obtained a displacement power
spectral density function similar to that of Powell (1958a) but the method

of derivation differed in that the analysis was carried out initially in the
time domain and then was transformed to the frequency domain. Nash did not
tuke the analysis much further than Powell, extending it only to consider

the case of an excitation cross-correlation function separable in the time

and space co-ordinates. He applied it in particular to a spatially uniform
load in which the excitation space correlation coefficient was constant, and

thus was not representative of a boundary layer pressure field.

The work of Powell was repeated by White (1962) for the case of strings
with fixed or flexible supports, the excitation being in the form of
sinusoidal components convected with a velocity independent of frequency.
The flexible supports were introduced as an approximation to the type of
supports achieved in practical structures. The results of White illustrate
how the effect of the cross terms depends on the position along the bean,
and show the importance of coincidence Yetween the mode and excitation.
White shows that coincidence occurs when the excitation convection velocity
and the flexural velocity in the structure are equal and when the ratio of

the string length L to the excitation wavelength A is given approximately by

2
where Yo is the eigenvalue corresponding to the free vibration in the m?h
order modes. For a fixed end string T ® %‘l and %- g' which corresponds
to results in Chapter 2.
-5
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Similar work was carried out on beams by Barnoski (1965) in an
analysis of the response of single degree of freedom and continuous
systems to deterministic and random excitation. Barnoski did not con-
sider the case of a convected excitation field but proposed the reduction
of a continous spatislly correlated loading into a set of correlated
discrete loadings, as an approximate solution in the case of complex mode
shapes and spatial correlation functions. This method does not seem to

have application in boundary layer induced vibration problems.

An extension of the analysis to include a multi-support system was
carried out by Mercer (1965) when the response spectrum was considered for
a nine bay beam exposed to a convected excitation field similar in form to
boundary layer turbulence. The variation of response with convection
speed was illustrated and the relative magnitudes of the joint and cross
terms were compared showing that in general the cross term contributions
were not significant for the lightly damped structures. The response was
calculated for the first band of nine modes bounded by the first order
stringer torsion and bending modes, and the results showed trends similar
t6 those for a single panel. This was particularly true for the stringer
torsion mode which corresponds to the 9t'h order mode of a simply supported

single beam. However, the single beam and the multi-beam do differ in one

respect. Within one pair of bounding mcdes, the modal wavelength increases

with natural frequency from a wavelength equal to two bay lengths to an
effective wavelength equal to twice the overall length of the array. Thus
there is a much greater opportunity for one mode to te near coincidence
than in the case of a single beam where modal wavelength always decreases

as frequency increases.

In time domain analysis, Lyon (1956) investigated the mean square modal
response of a string exposed to several forms of random excitation including

decaying turbulence convected along the string at a consvant speed. It was

assumed that the pressure field was purely random in space so that a

correlation function with a delta function spatial term was used. The results

shov the occurrence of coincidence but this was apparent only when the
excitation did not decay significantly whilst being convected a distance

-6-
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equal to a modal wavelength. The disappearance of the wavelength matching
peaks in the joint acceptance terms, to be discussed in Chapter 2, is shown

in work by Bozich (1964) when the excitation decays very rapidly.

The analysis of Lyon was extended to two dimensions by Dyer (1958)
and this investigation, with the work of Powell (1958a,b) has been the basis
of the majority of subsequent investigations. Dyer used the Green's
function technique, which is equivalent to the use of the impulse response
function, to determine the displacement cross correlation function in terms
of the panel normal modes. Initially proposing an exponential form of
excitation cross correlation function (equation (1.1)), Dyer reduced the
spatial terms to delta functions as shown in equation (1.2), before

carrying out the response analysis.

The use of the delta function representation introduces several errors
but Maidanik (1960) has shown that in certain cases of convected turbulence
the errors may be small. The form of the cross correlation function in

equation (1.2) implies that the pressure field is uncorrelated in the x

direction but is highly correlated, because of convection, in the x1 direction.

The uncorrelated lateral component implies that there will be no statistical
coupling of modes (m-n) and (r-s) when n # s, but statistical coupling is
possible in the longitudinal direction. However, Dyer assumed further that
Ucet << Ll’ i.e. that a turbulent eddy decays whilst travelling a distance
which is small relative to the panel length, and the conclusions drawn by
Dyer refer to a system which is effectively uncorrelated in space. Thus
the predicted response does not include the statistical coupling of modes.
The assumption Ucet << Ll is not valid for the experimental conditions
discussed by the author in later chapters. A further disadvantage of the
delta function representation is the implication of infinite energy, the
excitation pressure power spectral density having a constant value at all
frequencies. The panel displacement cross correlation function derived
by Dyer was used by Baroudi (1964) and Maestrello (1965b) to indicate the
presence of running waves in experimental panels.

For zero time delay, the results of Dyer give the mean square modal
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,response of the panel and under these conditions the effect of "hydrodynamic"
coincidence was studied, in a given mode, when the component of the convection
velocity in the direction of the standing wave on the plate matched the

bending wave velocity.

Following the work of Dyer, the response of a beam to turbulent boundary
leyer excitation was studied by Tack and Lambert (1962). The delta function
representation of the excitation cross correlation function shown in
equation (1.2) was used as a basis, and the beam was assumed to have simply-
supported mode shapes. The theoretical results were compared with measure-
ments of the mean square modal response of a beam exposed to the turbulent
boundary layer of an air flow with free stream Mach numbers up to Mo = 0.3.
However, in the final analysis the overall correlation area T and the eddy
lifetime 8, in equation (1.2) were replaced by empirical frequency dependent
parameters. The measured and predicted mean square displacements of the
beam showed good agreement but the use of the empirical parameters makes it
difficult to assess the reliability of the method. Measurements by
Tack and Lambert suggested that, in the wind tunnel used ror the experiments,
the boundary layer convection velocity was almost equal to the free streanm
velocity, and the latter value was used in place of the convection velocity.
This result differs from other investigations, where the convection

velocities were 708 to 80% of the free stream values.

When estimating the radiation sound field of a rectangular panel
excited by a turbulent boundary layer, Davies (1964) assumes the excitation
correlation function shown in equation (1.1). However, for simplification
in the analysis Davies introduces assumptions which effectively reduce the
representation to the delta function form of equation (1.2). In a further
ascumption, that the turbulence lifetime is very short, the convected
pressure field is effectively replaced by a non-convected field, and the
final pahel vihration results apply only to a very restricted form of
excivation. The analysis of the structural vibrations is a combination
of the work of Povell (1958a) and Dyer (1958) since both the ‘requency
domain (joint and cross acceptances) and the time domain (Fourier transforms
of the acceptances) are used. The choice of domain can depend on vhether
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the available information for the boundary layer turbulence is in the form
of a spectral density function or a correlation function. Also, if
numerical integration is used, the choice of function may be determined by

the associated rate of decrease of the function with frequency or time.

The method of analysis of Kraichnan (1957) differs from that of other
authors because of the use of the complete Fourier transform in the wave
number-frequency domain, other investigators having used the partial
transform in the space-frequency domain. However, the work of Kraichnan
is similar to that of Powell and Dyer, the semi-infinite plane under the
boundary layer being subdivided into a series of independently vibrating
square panels with simply supported boundaries. The boundary layer pressure
field was assumed to have a rigidly convected pattern and Kraichnan assumed
ap idealised wave number-frequency spectrum for the pressure fluctuations.
The form of the spectrum was based on purely theoretical reasoning and does
not provide a reasonable representation of later measurements. As the use
of the assumed spectrum shape is implicit in subsequent analysis, the
results are difficult to modify for alternative excitation functions.

1.2.3 Experimental Investigations

Experimental investigations of the response of simple structures to
turbulent boundary layer excitation have been carried out by several authors
but little attempt has been made to compare the measured response with
theoretical estimates. The work has been confined primarily to controlied
laboratory experiments with air or vater as the excitation fluid, and there
is a very limited amount of data publiched for ip-flight measurements.
Initially the experimental structures vere simple punels of square or
rectangular planform but recent investigations by Macstrello (1965) and
McNulty (see Richards, Wilby and McRulty (1965)) have included panel arrays
wherc the individual panels are separated by stringers. The vibration of

the panels has been measured in the form of accelerations, strains, or dis-
placements, thelatter method having the advantage that the measuring probes

could be of the non-contacting type snd could be traversed over the panel
surface.
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Response spectra for single panels have been measured in subsonic
wind tunrels by Baroudi (1964) and Maestrello (1965a,b,c) and in a water
tunnel by Stevenson, Saltus and Taggart (1961). Baroudi used clamped
panels vhich were 11 inches square and had thicknesses in the range of
0.0015 inch tc 0.008 inch. These were exposed to airflow velocities of
up to 190 ft/sec. Maestrello measured the response of 12" x T" and
36" x 6.5" panels with thicknesses in the range of 0.02 inch to 0.08 inch,
and airspeeds of up to 700 ft/sec. The airflow in the experimentc conducted
by Baroudi was fully developed pipe flow, and in the work of Maestrello the
flow had a boundary layer with a displacement thickness of §* where 0.155 inch
< 6% < 0,180 inch. In both investigations the measurements were influenced
by background noise in the wind tunnel and, as in the present investigation,
low frequency results had to be rejected. This limitation has a negligible
effect on the results presented by Maestrello (1965a) and by the present
author because the experimental panels were designed to have the lowest
natural frequencies above the interference range. However, the panels
used by Baroudi were very flexible so that a measuratle respcnse could be
obtained at the low flow velocities. The lower natural frequencies of the
panels were within the interference bend, and rejection of the low frequency
results implied a rejection of useful information. A further disadvantage
of the very thin panels used by Baroudi was the presence of the "oil-can"
effect and the panels were exposed to a slight static pressure differential
to overcome the phenomenon. In addition to the above laboratory experiments,
the vibration of an 8" x 6" x 0.018" experimental panel was measured in
flight at Mach numbers up to M_ = 1.6, by Webb, Keeler and Allen (1962), but
it is difficult to interpret the results.

The spectral data in the four investigations is limited in scope and
only Baroudi (1964) made a comparison between the measurements and the
theoretical predictions. The response was calculated by use of the idealised
delte function representation or the boundary layer pressure field proposed
by Dyer (1958) and there was little agreement between experiment and theory.
Spectral measurements by Maestrelio (1965b) showed the presence of modes of
unit order only in the lateral direction. This restriction is nct observed
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in the results presented by the author, modes of higher order being

present in the measured and predicted spectra.

The mean square displacement of the panels has been measured by
Muestrello (1965c) and he showed that there was a relationship between
the displacement and the free stream velocity which varied from Ug-o to
Ug'7 . Maestrello compared this dependency with a similar one for the
radiated acoustic power, the relationship varying from Ug~3 to Ug-o .
Similar measurements by Ludwig (1962) using the same equipment as that used
by Baroudi, showsd the acoustic power to be proportional to Ué for the
thinner panels and U? to U: for the thickest panels. With the wide
divergence of these results it becomes obvious that neither the mean square
panel displacement, nor the radiated acoustic power, can be represented by

the velocity term alone.

Using displacemert cross-corrclation techniques, Maestrello (19650b,c)
and Baroudi (1964) investigated the occurrence of running flexural waves in
the panels, and they were able to relate the measurements to theoretical
predictions using the method of Dyer (1958). Maestrello showed that the
waves occurred primarily in the thinner panels and at the higher flow speeds,
and suggested that the change from standing waves to running waves was
responsible for the change in the acoustic radiation laws. The change from
standing to running waves could alter the radiation efficiency of the panels
but this is responsible, probably, for only part of the change in the
radiation laws., An alternative solution to that proposed by Maestrello
(or more probably, the complete solution is a combination of the various
suggestions) is given by the joint acceptance curves shown in Chapter 2. On
this basis the mean square displacement lawv, vhich Maestrello associates
with the acoustic radiation power lav, changes when the condition of coincidence
is reached for the dominant modes. When the flow velocity increases from a
value below that for coincidence, the joint acceptance for a given mode
increases, but further velocity increases above coincidence result in de-
creacss in the joint acceptance. The coincident state may be associated
vith running wvaves but this is not necessarily trué¢ for all modes,
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The existence of the running waves will depend upon the lifetime of
the pressure fluctuations and on the damping present in the structure.
When the lifetime is short relative to the time for convection over the
panellsurface, or when the damping in the structure is high, the waves in
the panel will suffer negligible reflection at the panel boundaries. In
such circumstances it will be difficult to set up a standing wave system
and the vibration of the structure will be composed essentially of running
waves. The condition of coincidence will occur independentiy of whether
the vibratio. is composed of standing waves or of running waves. Coincidence
will arise when there is wavelength and frequency matching between the
excitation and the structure, ard is of importance when it occurs in the

neighbourhood of a panel natural frequency.

Running waves have been observed by Bies (1965) in a circular panel
excited by the turbulent boundary layer in supersonic flow up to a Mach
number Mo = 3.5. The panel was designed to have a high degree of damping
so that wave reflection at the boundaries was a minimum, and was subjocted
to a small tension to maintain a flat surface and to prevent the "oil-can"
effect. The analysis of the panel vibration was carried out in octave
frequency bands in a frequency range of high modal density ard qualitative,
but not quantitative, agreement was claimed between the measured and
predicted results.

1.3 Extension of Previous Work.

1.3.1 Requirements

In the review of previous theoretical investigations of the response of
structures to random excitation it was seen that the work was restricted to
simple structures and to simple representations of the excitation field. In
particular there vas a negligible amount of work in which realistic
representations of the statistical characteristics of a turbulent boundary
layer vern used. This omission vas the result partly of the absence of
detailed information vhen the investigations were carried out, and partly
as a result of the desire to reduce the complexity of the theoretical
unalysis. As a more detailed knowvledge of the excitation field in a
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boundary layer is now available, the theoretical studier can be extended
using analytical forms of the pressure field which are more realistic
representations of the physical phenomenon. The effect of aerodynamic
parameters such as flow velocity, boundary layer thickness and pressure
gradient, in addition to the effects of the structural parameters, can be
investigated theoretically.

The review has shown also that, apart from the two contemporary
investigations which were reported during the period covered by the current
work, there were virtually no measurements of the response of structures
excited by turbulent boundary layers. Thus there vas a requirement for
experimental data which could be used to test the reliability of the
theoretical predictions. The comparison between theory and experiment
was needed for two reasons: firstly to investigate the variation of the
structural response with the aerodynamic and structural parameters, and
secondly to compare the absolute magnitudes of the predicted and measured
response. However, due to the random nature of the systems, it was not
expected that close numerical agreement could be achieved. The work
published since the start of this investigation has helped to provide a
basis for comparison between theoretical and experimental results in certain
cases but further work is required.

1.3.2 Present Investigation

A specially designed boundary layer wind tunnel with low noise and
vibration characteristics has been built at the University of Southampton,
and this tunnel vas used to provide the turbulent boundary layer excitation
for the experimental investigation.

The wall pressure field in the wind tunnel has been studied in detail
by Bull (1963) for a zero pressure gradient, and this informstion can de
used in the prediction of the response of structures placed in the wall of
the tunnel working section. Thus a comparison can be made between measured
and predicted results. The design of the tunnel, with flow control being
achieved using single position liners, limits the variation of tunnel speed
and the present construction permits only two operating conditions. However
the subsonic vorking section is sufficiently long to allow a range of boundary

-13-
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layer thicknesses to be used. The method of construction of the panels
permitted measurements to be made of the effect of flow direction. The
effects of pressure gradient and supersonic flow are not discussed but a
limited range of flow parameters is available for a comparison to be made

between measured and estimated vibration levels.

For structural simplicity the experimental specimens were constructed
in the form of single square or rectangular panels, with the intention that
the programme could be extended to more complex panel-stringer combinations
in subsequent investigations. The single panels are not representative of
many practical structures but their use as experimental structures is
essential at the beginning of an investigation of this nature, so that the
number of possible variables is not too large. A series of experimental
panels was used in order that the effects of panel dimensions, aspect ratio

and naturasl frequency could be observed.

The design of the wind tunnel is such that the static pressure in the
tunnel working section is below ambient and under normal running conditions
there is a static pressure differential across the walls of the tunnel.

The pressure differential is experienced also by the experimental panels and
a pressure equalising system had to be constructed to eliminate the differ-
ential. This ' aused additional complications in the panel vibration
measurements but there was partial compensation because the effect of a

static pressure differential on the panel vibration could be measured.

In addition to the boundary layer wind tunnel, experimental equipment
available at the University of Southampton enabled comparative response
measurements tu be made vhen specimens vere exposed to grazing incidenne
acoustic waves in a siren tunnel, or to acoustic waves with non-:zero
angles of incidence in the near or far field of a cold air jet. Air jet
excitation was used in early measurements using thin panels and the panel
vibration results were similar to those obtained in the siren tunnel, as
shown by Wilby (1$63) and Bull, Wilby and Blackman (1963). The measure-
ments are not presented here because the panels vere accidentally destroyed

before the investigation vas completed, and later measurements vere confined

wllbe
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to the siren and boundary layer tunnels.

The maein investigation carried out by the author was supplemented by
\ subsidiary investigations which arose from the limitations of the available
! equipment., One such problem was associated with the requirement for

analysing filtérs with very narrow bandwidths. The filters available had

bandwidths which were comparable to, or greater than, the bandwidths of
the peaks in the panel response spectra. A method is presented for the
estimation of the spectral resolution loss due to the finite bandwidth of

the filters but the filter bandwidths were too wide to permit reasonable

i A g s s e

estimation of the panel damping in the presence of an airflow. Alternative

methods using random techniques were employed with only limited success

and the application of these techniques is discussed in Chapter k4.

The basic aims of the investigation can now be stated. They were

primarily the measurement of the vibration of structures exposed to

T e T U LSRN i g

turbulent boundary layers in flows with zero pressure gradient, studying
v the variation of response with boundary layer thickness, flow velocity,

panel orientation relative to flow direction, and static pressure

g

differential. The experimental panels were to be exposed to alternative

forms of convected, random excitation. The experimental programme was

e,

ff to be carried out in association with a theoretical investigation using a
?é realistic representation of the pressure field so that the measured and
predicted response variation with the aerodynamic parameters could be
P compared. The comparison would also indicate the accuracy with which the
i% magnitude of the response could be predicted. Subsidiary investigations
% into the effect of filter bandwidth on the spectrum resolution of the
f measurements, and into the effect of fiow velocity on the panel damping,
§ would be necessary for the completion of the main programme, The
programme, although restricted to simple panels, provides experimental
and theoretical data on the effect of several parameters vhich have not
been studied previously, only flow velocity having been varied in other

investigations.

Thé form of the experimental panels vas chosen for several reasons.

-15-




As has been stated previously, it was desirable that the number of structural
parameters should be restricted so that the theoretical and experimental
analysis would not become too complicated initially. The size and shape of
the panels was determined from practical considerations which are discussed

in section 3.3. Because of these restrictions the direct application of

the results will be limited but it was decided that this was preferable until
the reliability of the experimental and theoretical method was established.

The work could then be extended, as is being done now by McNulty (see Richards,
Wilby and McNulty (1965)) to more complicated panel arrays which resemble

practical structures more closely.

The results of the investigation will be of direct use in the estimation
of the level of boundary layer induced vibration at different positions on
the structure of a moving body. The estimation of the response is required
in the prediction of fatigue demage but it will provide alsc an indication
of the variation of acoustic radiation with the aerodynamic parameters
investigated., Detailed analysis of the noise radiation problem cannot be
completed, however, until measurements have been made of the panel displace-
ment cross—correlation function. Application of the results will be
restricted in the first instance to structures which vibrate as a series of
independent panels, but this may be extended following further investigations

into the vibration of multi-panel arrays.

1.4 Summary

The survey of the published theoretical studies of the response of
simple structures to random excitation has shown that the basic modal approach,
following Povell (1958a) or Dyer (1958), for finite structures is well
established but that there has been little attempt to use a realistic
representation of the statistical properties of a turbulent boundary layer
in the estimation of the response of structures to boundary layer excitation.
In many cases the investigations were not intended to include boundary layer

excitation and in others, due to the lack of alternative information or to

the need for simplification, only simplified representations of the boundary
layer pressure field were used. From available data it is possible now to

-16-
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use realistic representations of the boundary layer pressure field and
to calculate the associated panel response. Thus a theoretical study
of the effect of aerodynamic and structural parameters can be carried out

in the present investigation.

With the exception of two investigations reported during the period
covered by the present work, there is a negligible amount of experimental
data which refers to the vibration of boundary layer excited structures.
Even when the recently published results are considered, the effect of
several parameters is excluded and there is no systematic comparison between
theoretical and experimental results. Thus the combined experimental and
theoretical programme which has been outlined in the preceding section and
which is described in detail in the succeeding chapters, covers aspects
of the problem which are not contained in earlier or contemporary

investigations.,

-17-
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CHAPTER 2

Theoretical Response to Boundary Layer Excitation

2.1 Introduction

In the review of other theoretical investigations in Chapter 1, it
was seen that the normal mode method was used for all work on finite
structures, and that the wave approach was used for infinite structures.
In the present analysis it is assumed that the excitation pressure
pattern is correlated, in a moving frame of reference, over distances
which are of the same order of magnitude as the panel dimensions. This
assumption is justified by the experimental results of Bull (1963). Thus
the normal mode approach will be used in the prediction of panel response
to boundary layer and acoustic excitation. The displacement power
spectral density function will be derived from the impulse response
function, & method similar to that of Dyer (1958), but the resulting
equation for the spectral density function will be directly comparsble
to the result of Powell (1958a).

It will be assumed initially that the panel is a flat plate in bending,
and that there is negligible interaction between the panel and the excitation
field. The vibration will be assumed to be adequately represented by a
gseries of normal modes, with no modal coupling due to damping. At a later
stage of the analysis, further assumptions will be introduced regsrding
separability in the co-ordinate directions and the form of the mode shapes.
For ease of computation simply supported mode shapes will be used, but

other forms can be used if necessary.

2.2 General Theory

The displacement w(x,t) of a vibrating plate is assumed to obey the

thin-plate equation

M¢ + Cw + DV = p(x,t) . .. (201)
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where M is the mass per unit area, C the damping, D the flexural rigidity

and p(x,t) the exciting force. The solution to equation (2.1) can be

e

% £ expressed in terms of a linear sum of the normal modes

B :

% ; w(_x_’t) = z qa(t) w(!(-)-(-) . * o (202)
: a=1

P A e

where qa(t) is the generalised co-ordinate for the a’l mode, and wa(z)
is the mode shape function. In practice the infinite sum can be reduced,

for a sufficient degree of accuracy, to a summation over a finite range of a.

From Lagrange's equation, the motion in the oth mode is given by the

i o i

P equation

EEP -

- Mg () + Caq (t)+ K,a,(t) = L (t) ... (2.3)

‘ vhere MG, Ca’ Ku and La are, respectively, the generalised mass, damping,

stiffness and external force in the ath mode, and, in particular, Ma and La

are defined by

=
]

Julz) v 2(x) ax
A
e oo (2.4)

L
a

[ p(x,t) v (x) ax
A

where u(x) is the panel surface density and where the notation IA dx is an
abbreviated form of the double integral jxlfxg dx;dx; over the structural
area A. The frame of reference is the three-dimensional rectangular

) Cartesian system (xl,xz.x3) and the undisturbed panei neutral plane is
' asgumed to lie in the (x,,x;) plane. The natural frequency of the mode
is defined to be v = '«ama)

o 0 e O,

The equation of motion in the uth mode can be written in the form of
equation (2.3) only if it is assumed that the modal coupling due to
damping effects is negligible.




R T The form of equation (2.3) implies that the damping ig that mode is
. . . . _ a
of the viscous type, the damping coefficient being Ga = §77§;K;)'

Simila~ Lagrange equations can be sbtained for hysteretic damping when §

the concept of a complex stiffness Ka(l + iva) is used. The equation of

motion is

M (t) +K (1 +iv)q/le) = L(¢) . o« (2.5)

Strictly, the solutions of equation (2.5) are restricted to be complex

F exponential in form, and hysterelic damping has to be used carefully when the
loading is random. The problems associated with the use of hysteretic damping

for random vibration are discussed in Chapter 4, and it is suggested that

; equation (2.5) be written in the form

\Y
a a
w

a,(t) + Ka (t) = L(t) ... (2.6)

Maqu(t) + a

which is valid for harmonic solutions. Equation (2.6) can now be written

in the equivalent vi.cous form

b % Maﬁa(t) + caeau(t) + Kuqq(t) = L (t) e oo. (2.7)

Kv

where Cac = represents an "effective" vis:ous damper. 3Solutions of
equation (2.7) can be obtained for viscous dampniag, a-d bysteretic damping
then reintroduced. Thus the theoretical analysis of random vibration will

: : assume initially that the damping is viscous.

The solution of equaticn (2.3) can be obtained in terms of ti» “impulse
) resporse function" hu(r)

qa(t) » I.La(r)hu(t - 1)dsx

= . o o (2.8}
= {.La(t - T)ha(f)dt

where ha(t) =0 fort <O,
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Substituting equations (2.4) and (2.8) in equation (2.2)

- g 1 TR TSI TR MY

w(x,t) = Xawa (5)[‘” fA b (x")p(x' -1 )b (1) )ax'ar, . .. (2.9)

;
| % The response autocorrelation function is, by definition,
i i 1 +T
§ Ry(t) = Lim ’éTr‘f w(x,t)v(x,t+1)dt . o . (2.10)
a : -7
; ¢ T
§ and from equation (2.9)
: ' " Sl
é; Ryle) = I [ v (mhug(x) [ [ (x") wgle [ [ b (x)nglx,)
¥ a B AA -0 - =
! 4
1 T 1 "
. t H
x Lim 5 / Tp(i"t-rl)p(i ,t+r-12)dt dfldTZ@E'QE 8
Tre -
¢« s o (2011)
where it is assumed that the appropriate integrals are uniformly conrvergent
so that the change in the order of integration is valid.
3 : New che excitation cross-correlation function is
v +T
R {xixyt) = Lim - I oplxit)plxfter)ae .« . {2.12)
P ~T
T
E. Therefore, from equaticas {2.11) and (2.12)
R0 = DT v (x) e () [ [ wixe ™" [ (x n (1))
? : d B o~ 8 Aa s 8 Im e ® 182
X Rp(i"i"”ﬁl-tl)dtldtsz'd-x-" .« o 8 (2013)

The .esponse pover spectral density function Sy(w) can be obtained

-2 1‘
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from equatinon (2.13) by the Wiener-Khinchin relations.

- ’ in
Rd(T) = {m Sd\w) dw
- . .. (2.14)
. - 1 -1lwt
bd(m) = > [de(T) dt

Thus the displacement power spectral density function is, from
equations (2.13) and (2.1L4),

/ wu(y)ws(gg")f i ha(Tl)hB(rz)

S.(w)
d B AA —®

"
Q
~
<
~~~
I
o
<
™
—
™
S
C—

x = | Rp(z',5",T+rl-rz)e'l“”drdrldrzdyd_;s"

= L Loy gy BRI [ ] vy (g laIs, " )it ay”

o o o (2.15)

where Sp(§:,§?,w) =-%; wap(x',x",r)éin dt 1is the excitation cross-power
-0 - -

spectral density function and Ha(w) is the complex response function or
receptance, which is related to the impulse response function by the

Fourier transform pair

=2
Pany
-
S
"
IH
e
8
oo}
g
1]
-
€
pury
[« 7
€

v oo (2016)

==}
—
£
~—
]

oo .
f h (1)e” " 4r
- 00 a

Ha(w) is also the reciprocal of the complex impedanc. Yu(w). The complex

conjugate of Ha(w) is denoted by Ha*(w).

From the definitions in equations (2.10) and (2.1L), it can be shown
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that the cross-power spectral density function has the property

S(x',x",w) = S*(x',x",~w)

S*(x",x",w) . .. (2.17)

g

where the asterisk again denotes a complex conjugate.
Writing S(x',x",u) = C(x’,x",w)-iQ(x",x",w) . . . (2.18)

where C(x',x",w) and Q(x',x",w) are functions of w with real coefficients
_— v 9 o 9 t]

then, from equation (2.17)

C(x',x",-w) = C(x",x',w)

C(x',x",w)
o oo (2.19)
-Q(x",x",-w} = -Q(x",x',0)

Qx',x",w)

Equation (2.15) can be used as & basis for the calculation of the
response of a structure subjected to a spatially distributed rando~
excitation, and is similar to the response spectral density equation

derived by Powell (1958a).

"Joint acceptance" Jua(w) and "cross acceptance" Jae(w) terms can

be defined by

Taal®) FS—:-(U IAIA Vo (X", (x") 8 (x',x" 0)ax! ax”
. e e (2.20)

and J_, () =T—’§§'{'JT 0 0v0a) 80 " ! o

where Sp(m) is the excitation power spectral density function.

2.3 Displacement Power Spectral Density Function

2.3.1 Elimiration of Imaginary Term

The form of the displacement power spectral density function in
equation (2.15) can he investigated further without too great a loss of

~23-
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generality.

Consider the double integral term in equation (2.15)
- _ A2
laB(m) =T Sp(m) Jas(m)
| =[] wa(_{')ﬂ’s(g") Sp(i' X" ,0) dx' dx"
AA
=[]/ ¥y (x")¥g(x') Sp(;ﬁ,ﬁ',m) dx" dx' on interchanging
AA x' and x
=] ] v (x"glx') 8 *(x'ox"0) dx' ax” . oo (2.21)
AA

vhen the order of integration is changed and the properties of

equation (2.17) are used. For the case a = 8 , equation (2.21) gives

MORS| Af A Vo(x' ), (x") 8 (x',x",0) dx' ax”

= IAIA Vo (x' v, (x") Sp'(g' ox"w) dx' dx"

and, equating the imaginary parts

IAI Vo(x ), (x") @ (x',x",0) ax' &" = o© ... (2.22)
A

Further, for reasons similar to the above,
Hy*(w) Ho(w) I g(w) + H () H*(w) Io,(w)

= IAIAWG(_J;_')Wa(gt_”){ﬂu*(w)ﬂs(w)sp(g' WX y0) + Hu(w)HB‘(m)Sp'(gt_'.5",w)}d5' dx"

. afAwaa(y)wB(;_") Re IHQ‘(w)He(w)Sp(gt_',_J_:_",w)l dx' dx" ..o (2.23)

vhere the symbol 'Re' denotes "real part of".




If the complex impedance product Ya*(m) YB(w) is denoted by

- . _ 1
Yu*(u)) YB(w) = MGMB(GO.B -lhuﬂ) = W . oo (2.24)

then from equations (2.18) and (2.24)

BoglpX'»2"50) + B (Q (x',x"su)

Re (H *(w)H_(w)s (x',x",w))
8 2 2
a P MQMB(gaBZ + haez)

e o« o (2.25)

Combining equatioms (2.15), (2.18), (2.22), (2.23) and (2.25), the
displacement power spectral density function becomes

Sale) = L2 I8 @) [ ] vy(x)vg(x") € fat,x"s0) dx! dx”

»

X ' wy Baglp(X'>X"s0) + B gQ (x',x"5u) '
¥ + 22 % wu(g_)wg(_{)fAwau(z_ Wg(x") E MW (g7 +h 771 dx

i a# B
« oo (2.26)

vhere the pair (a,8) is counted only once.

The right-hand side of equation (2.26) is real, which is to be expected

because from physical arguments Sd(w) is real.

2.3.2 Forms Separable in x Coordinates

; In many cases it is possible to express the mode shape a(_:_:.) in an exact

or approximate form which is separable in the (xl,xs) directions.

; Let ¥ (x) = wm(xl)wn(xa) B0 = 1,2,000
: « o . (2.27)
and V,(x) = Wr(xl)ws(xs) r,s = 1,2,...

where the suffices m,n,r,s denote the number of modal half-wavelengths

in the X directions. When expressed in the form of equation (2.27) the
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mode forms have the property that for a uniform rectangular structure
bounded by 0 < x <L,

-
bilg) = (1T v (ex) e o+ (2.28)

Assume now that the excitation cross power spectral density function
can be expressed also in a form which is separable in the co-ordinate

. directions

”

s (x',x" =8 (x'x" 5 (x ',x
P(- X" 50) P1(1 ’1’w) pa(a >3 )

[} " - ] n - 1 1] L
where Sm(x1 ,x1 ) Cm(x1 X W) 1Q_R(x1 X Jw) ... (2.29)

and Sps(xa',x3 ) = Cpa(xa',x3",m) - iQpa(xa',xs",m)

i Spl (xl',xl",w) and Spa(xa',x '.w) will satisfy conditions similar to

those of equation (2.17). Comparing equations (2.18) and (2.29)

Cplx’ax’su) = CP1(x1"x1"’u)cpa(x3"x3"’w) B Q‘Pl(xl"xln'w)o’pa(xa"xan’w)

and

Qp(i' XTo) = Cpl(xl"xln’w)%a(xa"xan’m) ¥ Cpa(xa"xan’m)qpl(xl"xln’w)
e oo (2.30)

For a homogeneous and stationary forciug field the power spectral
density function is independent of position x' and is a function only of
the separation £ = x" - x'. Thus the function Sp(_:_t_' ,x",w) can be written

3 : as

; Splx'ax"s0) = 8 (50) =88 € ,0)

«26-
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and it can then be shown, from equations (2.27), (2.28), (2.29) and

(2.30), that, for a structure with dimensions Ll’ L3,
J T vt gl " 5" ) d’ ax”

= f T T T e ex glx Tox )
(s ()™)Y (14(-1)™%)C_(£1,0,6)C (0, E3,0)

~(1- (0™ (1-(-1)"*)Q (£1,0,)Q(0, E3,0) } dx,dx, "ax"ax, "

v o (2.31)

vhere Cp (xl',xl",w) is now written

Cpfxl',xl“,w) = Cp(&l,o,w)
similarly Cpéxa',xa",m) = Cp(O,Es,w)
prxl',xl",w) = Qp(zl,o,m)

and Qp§x3',xa",m) = Qp(0.53.w)
L Ly x" x
=k Io !o Io Io 0a(x1'.xa')ws(x,".xa")cp(el.O,u)cp(o.es.u)dxa'dxl'dxa"dxl"
vhen m+r and n+s even
" "
e [T e, (k" x MR (6, 10,00 (0, £y yudx, tax, fax Max ®
- o o o o Vo lX) oX3  J0glx; Toxy Qp 1200 Qp »E3sw)dx, dx, Tdx Tdx,
vhen mt+r and n+s odd

= 0 when m+r even and n+s odd

or m+r odd and n+s even. . o o (2.32)
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A1 A--1™)6 (5,0,0)Q (0,8 5,0)

+ (-1 ()™0)C (0,85,0)Q (£,,0,0)) ax fax 'ax "ax "
< .. (2.33)
L By @ x" - I
= ~h Io Io Io jo balxy'ox 3 Dog(x,"x,")C (€,,0,0)Q (0,6 u)ax, "ax, ax "ax,

wvhen m+r even and n+s odd

h 11 13 xl" 83" ( [ |) ( " ")c ( ) ( 0 )dx 'dx M " "
-- Io Io I Io b0y "%, D0 (x5 x 10 (0,8, ,00Q (£, ,0,u)dx " ax, tax,"ax,
wvhen m+r odd and n+s even

= O vhen m+r and n+s even
or m+r and n+s odd « e @ (203h)

Prom equations (2.32) and (2.34) it is seen that at least one doudble
integral of the pair

IA !A b (2! g (x")C (x',x"0) ax' dx"

wd [ ] R x x ) axt ax”

must be zero for a given mode pair (a,8). This simplifies the computation
since only one term has to be considered for a particular mode combination.

-28-




Further reduction of the double integral terms depends on the form
of the excitation cross-power spectral density function, or alternatively
on the narrow band cross correlation coefficient pp(gl,ﬁa,r;w).

From Appendix A, it car be shown that

~ibE
s =S = |s | et
p(g,m) p(al,aa,m) | p(el,aa,w). 1

lop(al,es,r;w)l sp(w)e‘1b§1 . .. (2.35)

vhere it is assumed that the pressure field is convected in the positive x,

direction with velocity Uc and where

=8
b = - .« o (2.36)

Written in this form the right hand side of equation (2.35) appears to be
a time dependent function but, from equation(A.5) it is seen that

Iop(ax.ﬁa,f;w)i z Iop(El,Ea,O;w)l e« o (2.37)

which is independent of Tt.

From equations (2.18) and (2.35) it is obvious that

Cc = .
P(al'za'w) Sp(m) lop(Cl.Ea,r‘w)l cos b €l

%(51.53.0’) = sp(u) IDP(EI,C:‘,!;N)I gin b El

The assumption in equation (2.29) that
sp( El' 630 d = sp(gl'o.“)o SP(O'Es'm)

nov implies that a similar representation is true for the narrov band cross-
correlation coefficient,

i.e. 'pp(gl'ﬁg’T;“)' - Ipp(cl.o.t;w)l . |pp(0,£3.r;m)| o oo (2.39)

and, from equation (2.35)

- . . -ibg
SP“I'E:!'“) Sp(“) IDP(CI.O.f.w)l . Iop(O.Ca,t,m)le 1
. « o+ (2.h0)




Comparing equations (2.29) and (2.40)

Qp(0,€3.w) =0 o o . f2.01)

Substitution of equation (2.41) into equations (2.32) and (2.3k4)

reduces the number of possible forms of solution to those equations. When
equation (2.41) is satisfied, functions of jmr(m), j'ns(m) and kmr(w) can
be defined.

" " o_ A2 . .
et [ [ ¥l e (6 6 Lolaxtsax® = 8 () Gy () 3, ()

L L
. 2
vhere j (o) = -f:z IO‘ !ol Mxl')wr(xl”)|pp(§1,o,r:m)| cos bE ax ! dxl"
h Ll xln " "
] . ]
='i;2 IO IO ¢n§x1 N’r(x1 )|Op(§l,0,1,w)| cos bf,ldx1 dx1
when m+r even

= 0 when m+r odd.

o o . (2.42)
and 5;,(w) --52;5 f:3 123 Wn(xs')ws(xan)|Dp(0,£3,t;w), ax ' ax "
.z.IL,!x,w(')(..” (06 vtiol] x * ax ® ¥
? o ‘o Onxa Vg 13 Py ,£3.r,u , dx3 !
when n+s even
= 0 vhen n+s odd L (2.43) ; ﬁ
Also let ;

L} " AZ .
IA!A%(_:; )wa(g")qp(al.aa.m)dy TS (w) ) kg (w)

L L :
2 1 1 ' " .. . :
vhere k-r(u) = E:z fo IO *m(x; )Or(xl )'Dp(ﬁl.o,t,w)‘ 8in b(ldxl' dxl" i

e iy i N s ot i

when m+r odd i
= 0 vhen mtr even e .. (2.00)
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Substitution of equations (2.42), (2.43) and (2.44) into equation
(2.26) yields

Sd(w) %? SP(W) zwaz(ﬁ) |Ha(w)|2 jmm(w) j'nn(m)

b0 3 (0)  ygin (w) % Bugk (0)

a
M M

3 - - . o . (2.45)
: a B Bug * Bug

+

AZ
3 Sp(w)g

a#

vhere the pair (a,B) are counted once only,

and where jmr(w) = 0  when mtr is odd
j' (w) = 0 when n+s is odd
ns
kmr(w) = 0  vwhen m+r is even.

2.3.3 Panel Characteristics

Further discussion of the response power spectral density functiom car
now be restricted to the vibration f single panels. For simplicity in
computation it will be assumed that the panels are simply supported on all
edges. The mode shapes of equation {2.27) can then take the form

bolx ) = sin (E{fn v ¥ (x) = sin (ﬁgfn
o oo (2.46)

wn(xa) = gin (2%§3) . ws(xa) = gin (gifa)

From equations (2.4) and (2.46), when the surface density u(x) is
assumed to be constant, the generalised mass in the uth mode is

L L
3 " .
M = [ 1 ] ¥ u sin? (22 sin? (B™%) ax .dx
a o ‘o Ll L3 1 3

v oo (2.47)

-3]-




A similar generalised mass can be calculated for a fully fixed panel,
using mode shapes of the type given by equation (C.4),normalised to have a
maximum value of unity. A comparison of the results for the (1-1) mode
shows that the generalised mass of a simply supported panel is greater than
that for a fully fixed panel, by a factor of approximately 1.46. The
factor decreases as the mode order increases, and reaches an asymptotic
value of 1.30.

From equation (2.3) the form of the complex receptance Ha(w) is

1

H (ﬁ-\) 7 )
a (K, - My ©%) + iC

.« . (2.48)

= 1
R : ;
M ((mu wé) + 216“wu°}

e ey BN IV

Alternatively, if the Lagrange equation has the form of equation (2.7),

Ha(”) can be written in terms of the hysteretic loss factor Va

1
R I | ORI o T s (29
a a a

The two forms of Ha(m) in equations (2.48) and (2.49) will give
¢ similar results when Sn and Vo 8T small.

i Assuming the hysteretic form of damping, substitution for Ma from
equation (2.47) yields

4
Hu(w) ™ (Iuﬂ”- wé) + ivaw;zy -+ e (2.50)

and, frox equation (2.24)

2 2 2 2 2.2
8ag ” (wu - )(MB - ). VaVs% Y8
, . ) 2 2 . . « o (2.51)
huB - v (ua - wf) - Vgig (uu - w¥)
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2.3.4 Excitation Field

It has been assumed in equation (2.35) that the excitation has the

form of a fluctuating pressure field which is convected in the positive x

1
direction.

If the convection velocity is in the direction of X, decreasing,
. . ‘. . ' -
then equation (2.L45) is valid if kmr(w) is replaced by k__ (w) kmr(w).

From the results of several experimental investigations of turbulent
boundary layer pressure fluctuations, the excitation narrow band cross

correlation coefficients can be represented approximately by inverse
exponential functions of the form

|Dp(£,0,r;w)| = e-algl . « o (2.52)

vhere £ = x" - x'. This form can be used as an approximate representation

of nther convected pressure fields, for example acoustic plane waves at
grazing or inclined incidence, and jet noise, and permits the integrals in

equations (2.42), (2.43) and (2.44) to be evaluated in closed form. A more

detailed study of the statisticel properties of the sxcitation is contained
in Appendix A.

Based on the experimental results for turbulent boundary layers,
measured by Bull (1963), the X :iongitudinal component of the excitation
narrow band cross correlation coefficient is assumed to be

. . -aif
kigii’Q";m}‘ = e ¥sllvhere £l= xl" - xl'

¢ s (2053)

The lsteral, or x,, component hss the ussumed form, for reasons given in
Appendix A,

lpp(0,£3,t;w) = e-a3‘€3i for “3! ;kB

- i * . o (2-5")
= ¢ ¢+ de sqlgslfor l‘;;' < k3 ]

vhere ¢, = x3" - 13'. erd k, is a function of w and £ .
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2.5 Acceptance Terss

2.4.1 Joint Acceptance Terms

The acceptance terms are of particular importance because they
estimate the degree of coupling between the excitation and the structure,
and they will be studied in detail. It is possible, with the assumed
mode shapes and excitation correlation coefficients, to evaluate the

N . .y . o
definite integrals er(w), j ns(w) and kmr(w) in closed form. Considering

the case a = 8, by analogy with equation (2.20), jmm(w) and j'nn(w) can be

called the "longitudinal™ and "lateral" joint acceptances respectively.
From the excitation field assumptions of stationarity, homogeneity and a
separable form of Sp(gf,gﬂ,m) used in the derivation of jmm(w) and j'nn(w),

and from the condition given by equation (2.41), it can be shown that

Jaa(‘”) = jmm(w) o J' (w) .« . (2:55)

Substituting equations (2.46), (2.53) and (2.54) into equations (2.42)
and (2.43), it can be shown that

L L
. 2
S (@) "1z Iol Iol wm(xi)wm(xl")Ipp(el.o,r;w)| cos b, dx ' dx"

4 m_-al ) m -al . mnd A 1
= =777)2 {Pm 0-(-1)"e"*"1 cos b L,y +(-1) hqme l'sinb L+ 5 mm
m
e o« (2.56)

2
where Am = (1 + (l;l—‘fl‘l)z + (_:_5".1)2) L (%:_1)2
. 2
= (14 (B2 . 22)2) (Bh1)2(22)2
o oo (2057)

= EEDE) (14 (B2 (B)2)

= () (14 @24 (2R)2)
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’ nn(*) = L—:"' !O o 3')vn(x3") io_ (0 :,3,’;«)5 dx,' dx,
o, pplaged pt'](a“)de-a“k4 "k,
n7n? H(dTTay) Ty T %) s T
q1'1(a3)e-a3 3 q_r'x(a.l')de-ahk4 (L3 -k Jon)ai "k,
+ -c nn}sin —
( dnr'l(a3) dnr'l (a67 L3 I"3
ayLg
E1C D RN alytt Gy ) 2c) } (2.58)
“Ua'e) T a '(a ) - < trr T
nn 3 nn u
1(g) = (2L3y2) 4 o
vhere p_ (a) = a(ly - kj) (1+ o )+
a,'(a) = 2 (328) +( 28 - (B8 ur) (14 (57 c . (2.59)
al L
s (8) = 1+ (3;3)2) 1+ (5;3)2)

In the special cases when k3 < O or k3 > Lj, ,j'nn(w) has the simpler forms:-

: I NP U () e o A for k, < 0 ... (2.60)
J'nn(m) nén¢ ( dnr'x(a3) * 3 'ldnr'x(a'3)) 3
P S i e B IR OO0 Vi PP C XY
Y44 ] [
nen ' dnn(au) 2N7dnnT°4) for k3 > L

2.4.2 Cross Acceptance Terms

When agB , the "cross acceptance" has been defined in equation (2.20)
by

Tagt) = FS%GT IAIA"u(-’-‘-')"B(-’ﬁ")sp(-’i'tinﬁ“’) dx' dx" .+ o (2.62)

- " * T T T T T e SR R T ———
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With assumptions again of a stationary and homogeneous excitation,
a separable form of Sp({'tgf,u), and the condition given by equation {2.4l),

it can be shown that
g = Gpt(w) (Gglw) + 1k (6) ) . (2.63)

where jmr(w), jn;(w) and kmr(w) are given by equations (2.42), (2.43), and
(2.44) respectively. By analogy with the joint acceptances, jmr(w) and
kmr(m) can be called the real and imaginary components of the longitudinal
cross acceptance, and jn;(w) is the real component of the lateral cross

acceptance (the imaginary component being zero as a result of equation (2.41)).

‘From equations (2.42), (2.46) and (2.53) it can be shown that, for the

assumed excitation correlation form,

Jpp(w) = ;;;gz;zz {p, - (-1)%e" 1 cog bL) + (-l)m'2(qmr + qrm)e'aLlsin bL, }

for m+r even
=0 for m+r odd

. o . (2.64)

and, from equations (2.44), (2.46) and (2.53)

Kk, (w) = ;;;z%;z; {(-l)mE(qmr + qrm)e'aLlcos bL; + (-l)mpmre'aLlsin bLy
)

for m+r odd

a Q for m+r even
¢« o & (2-65)
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where ! is giver by equatiorn (2.57)

(1+ @0z o B2 1e (@2 o (BR)2)o 5@ &) Eh) )

ol
i

(B &) 1+ @2 - (2)?)

g
"

d = (%) a ()()

mr m r mn

The lateral cross acceptance component jas(w) is, from equatiors (2.43),

(2.46) and (2.54)

ns nsw sn

3 Ly

-a,L
d (-1)Pe~23L3
+ (¢ + =7 - = ]} for n+s even
dns(hQF al (a;)

= 0 for n+s odd. . .

2 -a,k, -a3k,
wher ‘s (=) (4 - = + c)
ere  Ppg né-g? ‘Aa;n(a“) d' (aéf

(alLa)de-al’k3 (iaia)e-33k3

sz
q; = ( 1{:“2) ( - )
° ne din () oy (2

and dgs(a) is given by equation (2.59).

In the special cases when k, £ O or k, 2 Ly, j;a(u) has the simpler
forms, for n+s even,

: b (1-5-1g“e"aLa)
4 4 3)
= -n-'-;? ( -L-'lﬁ-—— + c(l- -1) )) for k Ls

. L cos nnk cos s 1 sin n 1k sin s 7k
510060 =y (lag, 0 ek gy SO ST (g SinB T, oy oin s sy
3

. (2.66)

Ly

. (2.67)

. (2.68)

. (2.69)

. (2.70)
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2.5 Simplification for Acoustic Excitation

When the excitation is in the form of progressive acoustic plane
waves, it is possible to simplify the forms of the acceptance terms.
Assume that the acoustic waves are propagated in a direction such that
the plane wave fronts make an angle ¢ with the plane of the panel, and
the direction of propagation of the trace wave over the panel is parallel

1 sin
the speed of sound. The excitation differs from the boundary layer

to the x, direction. The trace velocity will be U, =-—417$ » where C_ is

pressure field for several reasons; the convection velocity Uc is indepen-
dent of frequency, and the correlation coefficient is an undamped cosine
in the longitudinal direction and unity in the lateral direction (i.e. along

a wave front). Thus equations (2.53) and (2.54) reduce to

Ipp(El.O,T;w)|= 1= Iop(O,Es,r;w)l ... (2.71)

The joint acceptance terms can be modified by substituting a = O in

equation (2.56) and a, =0 in equation (2.60).

From equations (2.56) and (2.57), when a = 0, the longitudinal joint
acceptance is

4(1 - (-1)" cos b L)

m? #2(1 - (221)2 )

bL
fOI‘ ;;1 # l s o o (2.72)

jmm(w) =

The solution given by equation (2.72) is not valid when (E%) =],
and jum(”) must De calculated directly from the definition of jmm(w) in
equation (2.42).

Then jun(m) = for %%’ =] e oo (2.73)

Similarly, vhen a3 = O, the lateral joint acceptance is, from
equation (2.60)

n
it(e) = Mzt e (2a70)
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The cross acceptance terms can be reduced also.

in equation (2.64), or from the definition of jmr(w), in equation (2.42),

b(1 - (-1)" cos b L)

. bL,
i (w) = for m+r even, —* # 1
bL
wr mrn? (1 - (221)2)(1 - (221)2) n
and 2Rl #1 :
ra .« o (2.75) 1
= 0 for m+tr even and 23 1, or 120 I 1l
ma rn i
= 0 for m+r odd. j
From equation (2.65), with a = O, or from the definition of kmr(w) in
equation (2.kk4),
b (-1)" sin b L bL
k _(w) = , for mtr odd, — #1
wr wr? (1 - (22)2)(1 - (22)2) n
bL,
and —' #1
re
2r bl
= T for m+r odd, — 1
= ;T;zg?-;zy for m+r odd, %%l- 1 . o (2.76)

= 0 for m+r even

Finally, from equation (2.69) with a3 = 0, or from the definition of

Jlg(w) in equation (2.43)

j;‘(u) - gil;:-izil—l for n+s even

= 0 for n+s odd

Putting a = 0

. oo (2.77)




2.6 Evaluation of Joint Acceptance Terms

2.6.1 Non-Dimensional Parameters

Computation of the joint and cross terms in equation (2.45) shows

h and Bth modes have well separated natural

that in general, when the dt
frequencies and the damping is light, the cross terms are small relative
to the joint terms. Therefore it is of interest to study the effects of
the excitation parameters on the joint acceptance terms as these will be
of primary importance in the finally computed response spectra. From
the boundary layer excitation correlation coefficients in Appendix A,

the joint acceptance terms will depend on three parameters, boundary
layer displacement thickness &%, pressure field convection velocity Uc(m)

and angular frequency w. The parameters Uc(m) and o can be usefully

combined in terms of a frequency dependent narrow band excitation correlation

length z(w). There are several ways of defining a typical correlation
length, but the most appropriate one in this context is given by the
separation distance to the first zero of the real part of Sp(;f,zr,w) in
equation (2.35). Thus, from equations (2.35) and (2.36), z(w) is defined
by

Cos Uc " = 0 e+« (2.78)
ie. = "95{“’—) - B . .. (2.79)
Alternatively, (= -1}- . « « (2.80)

vhere ) is the excitation wavelength at frequency f defined by Uc = £,

Non-dimensional pnrancters-% and %5 can nov be defined in terms of
a typiocal panel length L, and

L 2L LLe
e 3 wesmm @ e
[3 'Uc Uc

.o (2

When the longitudinal or lateral joint acceptances are considered

separately the typical icngth will be L) or Lj respectively. When tke full |

-ho-

.81)
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panel is considered, L, is used as the typical structural length and the
panel aspect ratio %1 is introduced as a third non-dimensional parameter.
From equation (2.81) the parameter % can be considered as a non-dimensional

length or frequency as required.

2.6.2 Longitudinal Joint Acceptance

Two forms of the longitudinal narrow band cross correlation coefficient

are proposed in Appendix A for boundary layer excitation, but they both have
the same general form :~

pp(EpO,T;w) = Ipp(sl,o,r;w)lcos (w8-b¢) ... (2.82)

vhere b = ﬁ‘i’-‘:)- and lpp(EI’O’T;w)|= e-a'gll

The two alternative forms of correlation coefficient apply to two

* .
ranges of the Strouhal number U_&__ . ]
c
Wh wd® = ajw
en r:kl,thena-altu o o« (2.83)

c c

]
and when 3—6- <ky , then a = a, 8—2-.- « « .« (2.84)

¢

vhere a), o are constant coefficients.

Considering the upper Strouhal number range, the longitudinal joint
acceptances can be calculated for the particular values associated with the
boundary layer wind tunnel used in the experimental investigation,

i.e. g; = 0,1 and Uc(u) is determined by equation (A.16). The limiting
Strouhal pumber is given by k; = 0.37. With the assumption of simply
supported mode shapes, equation (2.46), the longitudinsl joint acceptance
Jggl®w) Of equation (2.56) is shown in Figure 2.1 in terms of the non-
dneunonll parameter -E‘ror modes of order m * 1 to 7. The results are
similar to those of Bozich (196h). The joint acceptance curve for each
mode has s principal maximum, with the exception of m = 1, at *2m, the

13
spproximation being most accurate for the higher order modes. This maximum

bl
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arises from the convective nature of the excitation field, and the

condition--Iil = 2m implies that there is a matching between the excitation

4
correlation length ¢ and the modal wavelength lm = 2%1. In terms of

the excitation wavelenzth A the condition becomes Am = A, A similar
result was obtained by Mercer (1965) for the response of the first order
stringer torsional mode of a nine-bay beam. This mode, which can be
compared with the mode m = 9 for a simply supported single panel, showed

a peak joint acceptance location clcse to %l = 2m.

Inspection of the curves in Figure 2.1 shows that, as m decreases,
the location of the peaks for the low order modes progressively deviates
from the condition'%-l = 2m. This effect is due to the finite size of
the structure and is best exemplified by the limiting case of the fundamental
mode m = 1 vhere the peak occurs at-%1= 0. There will be maximum response
in this mode when there is uniform excitation over the .iructure and, in
terms of a convected pressure field, this is satisfied when { + =, This
condition vill give peaks in all modes of odd order, and zero joint
acceptances for the even order modes. The longitudinal joint acceptance
is very similar, then, to the generslised force for deterministic loading

of a beam.

The curves in Figure 2.1 contain secondary maxima and minima at
values ot‘%? <2m, determipned by subsidiary matching and mismatching of the
modal vavelength and excitation correlation length. There is also slight
evidence of maxima vhen'%‘ > 2m, the acceptance curves shoving slight
"ripples®.

The shape of the curves indicates that, when the excitation correlation
length is varied by a change in frequency or convection velocity, no general
statement can be made about the resultant variation in the longitudinal
joint acceptance j.-(u). In particular, vhen~%‘ is in the neighbourhood
of vavelength matching, and %‘ < 2m, an invrease in w or a decrease in Uc
vill increase the longitudinal joint acceptance, but the same changes in w
or Uc vhen %? > 2m vill decrease the value of j-.(u). The influence of the
longitudinal joint acceptance on the panel response pover spectral density

«h2-
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function can be determined from equation (2.45) but in general terms the

response of mode a is a function of the product
2 3 3t
IHa(m)l Jmm(w) Jnn(w)

This product shows the well known resonance maximum given by
|Ha(w)|2 vhen w = w_but, from Figure 2.1, there will be further maxima
in the modal response curve, particularly when there is wavelength matching
at<£1 = 2m, that is when w = E%%‘ . When conditions are such that
w, = I%%G there will be appreciable augmentation of the resonance peak.
The matching in both the wavelength and frequency domains can be called
"coincidence" by analogy with the coincidence effect in infinite panels
excited by acoustic waves, and is of most importance when it occurs at a

natural frequency.

The joint acceptance curves in Figure 2.1 were drawn for the
particular value a; = 0.1 associated with the wind tunnel measurements of
Bull (1963). Other investigations of the boundary layer pressure
fluctuations in a zero pressure gradient have shown slightly different
valués of a;, so thrt the influence of ajon the longitudinal joint
acceptance should be studied. Furthermore, recently published measurements
by Schloemer (1966) in non-zero pressure gradients have shown that the decay
rate of the narrov band longitudinal cross correlation coefficient depends
on pressure gradient, the coefficient decaying more slowly in a favourable
pressure gradient. The variation in a; shown by Schloemer is of the order

of + 35% about the zero gradient value.

The effect of a) on the longitudinal joint acceptance is shown in
Figures 2.2 to 2.5 for modes of order m = ] to U respectively. The limiting
case , a) = U, of zero spatial decay of the excitation longitudinal cress
correlation coefficient represents the condition for plane vave acoustic
excitation. When a) = 0 the acceptance curves shov a series of well
defined maxima and minims, the minizs having zero value becsuse there is
a complete misiatch betveen the excitation narrov band vaveform and the
penel modal shapes. This complete cancellation occurs becsuse the assumed

=3~
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mode shape and the excitation correlation function have simple sinusoidal
forms. When other mode shapes are assumed the joint acceptance éill have
nop-zero winima. Similarly when the excitation has a non~-zero value of o)
complete cancellation will not be possible and the acceptance minima will be
non-zero. Figures 2.2 to 2.5 show that, when o; is small, the shape of the
acceptance curve changes rapidly as o; increases, and the maxima and minima
are quickly blurred to give, first the "ripple" effect shown when a; = 0.05
and then the smooth curve shown when a; = 0.3. Changes in a; of + 50% about
a; = 0.1 for the range of-El shown in the figures will give changes of up to

4
+ 50% in the longitudinal joint acceptance curves.

The most important characteristic of the curves is the predominant peak
which cccurs when there is optimum matching between the mode shape and the
excitation correlation pattern. It has been shown that this peak occurs in
the neighbourhood of %1 = 2m, but Figures 2.2 to 2.5 show that the position of
the peak depends also on the value of o] . As &) increases, the maximum value
of the joint acceptance occurs at lower values of%1 . This indicates that,
as the rate of decay of the excitation correlation function increases, the
optimum matchingoccurs at convection velocities higher than those associated

with wavelength matching.

The effect of a; on the magnitude of the longitudinal joint acceptance
depends on the associated value of %1 « In the neighbourhood of the peak
value of the joint acceptance an increase in the excitation correlation decay
rate causes a decrease in the joint acceptance. However, for values of L

4
away from the wavelength matching condition, a, has the converse effect and

the value of jmm(m) increases with a; . At l:rge values of a; the main peak
will have lost its prominence. It is apparent, therefore, that the effect of
the excitation correlation decay rate on the panel response will depend on
the value of the parameter~%1 at the frequency considered. At certain
frequencies there will be an increase in response when a) increases whilst at

other frequencies there will be a decrease in response.

Schloemer (1966) has shown that the presence of an adverse or favourable

pressure gradient affects the convection velocity as well as the correlation

=bl-
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decay rate. In an adverse gradient the increased value of a; is associated
with a lower ccnvection velocity, and vice versa in a favourable gradient.
Thus, in general, the net effect produces only small changes in the joint
acceptance., The important exception is in the neighbourhood of wavelength
matching, when'%1 is slightly greater than 2m. In this case the changes in
a; and Uc will increase the joint acceptance in a favourable gradient and
decrease it in an adverse gradient. However, on the basis of Schloemer's
results the changes should be less than :_50% of jmm(w), unless there is 8

sharp pressure gradient.

The second form of the narrow band longitudinal cross correlation
coefficient for 2%: < k;, has an exponential decay term which is independent
of frequency (equgtion (2.84)) and is inversely proportional to the boundary
layer displacement thickness 6%, However, the non-dimensional pa.ra.meter'%l

ey

can be used because of the cos term in the correlation coefficient.

The joint acceptauce jmm(m) can ve calculsted from equation (2.56) but, for
each mode of order m, there will be a family of curves, with parameter %} ,
which correspond to the single curve for mode m when<§§: 2 k;. The curves
for modes of order m = 1 to 3 are showu i° Tigures 2.6 tc 2.8 and it is

seen that the effect of the parame*er %} is similar to that of a; in
Figures 2.2 to 2.5. This Is to .be expected f-um the similar forms of the
correlation coefficients. The ef{fect of a, is not shown separately in this

analysis but it can be included if the parcmeter %% is replaced by (ggél).

Figures 2.6 t- 2.3 contain the curve for 281 = 0,37 which is the
bounding value, frcm ‘he reswits of Bull (1963),cbetween the tvo forms of
longitudinal cross correlation coefficient. The figures can be separated
into two regions, region (1) where 2%: > 0.37 is valid and region (2) where
2%: < 0.37 is valid. The regions aré marked in the figures, vith vertical
boundaries inserted a® the points vhere the joint acceptance curves cross
each other. In region (2) there are separate joint acceptance curves for
each value ofl%ﬁ but, as %} decreases (for constant %l ) a stage is
reached where 3%: = 0,37. The joint acceptance is then independent of

¢ L . . , ws®
further changes in 3* and retains the value given by the v " 0.37 curve.
¢
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For small values of EL, below the first vertical boundary line, the

* .
condition 2%— < 0.37 is satisfied for most practical values of %& . In

*
the region of the wavelength matching the condition 9%— < 0.37 is satis-
e

fied except in the thick boundary 1ayer*case when %ﬁ-<30, approximately.

At higher values of L the condition 9%— > 0,37 is valid for many values
L, : ¢

of TF .
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The data in Figures 2.6 to 2.8 can be presented in an alternative form,

with %l as the curve parameter, to show the effect of boundary layer thick-

ness. Typical curves for modes of order 1 and 2 are shown in Figures 2.9

.

E and 2.10. The form of the correlation coefficient in equations (2.82) and

(2.84) suggests that the boundary layer thickness &%, which is present

] only in the exponential decay term, has less influence than the correlation 3

B length arising from the cosine term. This is borne out by the results in

i
g i Figures 2.9 and 2.10 where, except for the m = 1 mode and certain low
’ value ranges of~%§ in the m = 2 mode, the curves vary slowly with &%, 1

Similar conclusions apply to the higher order modes. The results show

!
1 that, depending on the value of L (w) can either increase or decrease

r °? jmm
when &% increases.

»
: The curve of 2%— = (0,37 is shown in Figure 2.9 and divides the
L c
3 figure into the two regions, described previously, in which the two forms

of the cross correlation coefficient are alid.

2.6.3 Lateral Joint Acceptance

In the lateral direction the correlation coefficient is simplified by
the absence of the convective (cosine) terr but the computation of the
joint acceptance is more difficult because the boundary between the
tvo alternative forms of the lateral crnss ccrrelation coefficient is a
function of separation distance. The two forms cannot be studied separstely
as in the longitudinal direction but the lateral joint acceptence can bYe
inveatigated initially by assuming that the correlatior coefficient has the

form i

|pp(0,£3,1;u)| = e Ue ... (2.85)
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for all values of w. This is the form which is valid when k3 < O and the
lateral joint acceptance is given by equation (2.60). The joint acceptance
curves for this approximate form can be compared with the acceptances

calculated for the full cross correlation coefficient.

The lateral joint acceptance curves associated with the correlation
coefficient of equation (2.85) are shown in Figures 2.11 and 2.12 for the
modes of order m = 1 to U, and for three values of the coefficient aj .

The curves are plotted in terms of the non-dimensional parameter %3 for
direct comparison with the longitudinal joint acceptance, and the form of
the acceptance curves is seen to be different in the two directions. When
the p&rameter~%3 is replaced by (‘Egéi ) all the curves for a given mode m
in Figure 2.11 or 2,12 will collapse onto a single curve. In tne limit
when E%%i + 0, the excitation is again similar to the case of a w.iformly
distributed load and the lateral joint acceptances for all even order modes
tend to zero. The odd modes have non-zero joint acceptances for this
limiting case and the maximum for the m = 1 mode occurs at —323 0. In
the higher order modes the joint acceptance increases to a maximum in the
neighborhood of %%El = 2m, and then continuously decreases as Eéél increases.

When the complete representation of the lateral cross correlation
coefficient in equations (A.21) and (A.22) is used, the joint acceptance
curves have the forms shown in Figure 2.13 for the first three modes, %&
being used as the curve parameter and the value of a3 = 0.T15 being taken
from the boundary layer measurements. For comparison, the corresponding
curves for the approximate correlation coefficient, equation (2.85), are also
shown in the figure. At high values of %3-vhen the condition k3 < O is
satisfied, the approximate curve fully represents the joint acceptance.
However, as -3 decreases in value, the approximate curve diverges from
the fully representatlve curves, the curves for the highest values of-q}
showing the greatest divergence., The shape of the approx;mate curve is
similar to those of the family of curves with parameter 3% » except at lov
values of -13 vhere k3 2 L3 and the approximation is no longer valid.

The accuracy with which the lateral joint acceptance can be represented by
the simple form depends on the value of %& » but there is reasonaole
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accuracy, to within a factor of 2, for the range of %% shown (%% < 60)

except at very low values of-%i .

The presence of the constant term c¢ in the lateral correlation

coefficient of equation (A.22), which was obtained from the measurements
of Bull (1963), can .ot be explained satisfactorily except as an inter-

ference effect due to background noise in the wind tunnel. It is

e
#
#
%

probable that under ideal conditions the correlation coefficient would

- g

tend to zero at large separation distances and be of the form

1&5]
: lo_(0,€3,T5u)| = e'o'25h §* .
3 p When lgal < k3 « s e (d¢86)

B} i v D o2

The correlation coefficient in equation (2.86) provides a reasonably
% good representation of the measurements of Bull (1963) at low separation
' distances but not at large separations (see Figure A.6). However, it is
of interest to compare the lateral'joint acceptance curves predicted from
the two alternative correlation coefficients. A comparison on this basis
is shown in Figure 2.1k4 for modes m = 1 to 3, and %& = 40, There is good
agreement over most of the range of %3 , the agreement being better than
that obtained from the lateral correlation ccefficient given by equation (2.85).
The differences between the acceptance curves again occur primarily at low
values of~%3 vhere the correlation coefficient form for |£3| < k3 is the
most important, but disagreemeut is never greater than a factor of 2. On

this evidence it appears that the panel response ustimated on the basis of

c e

a lateral correlation coefficient of the type shown in equations (A.21) and
! (A.22) would not differ greatly from that estimated from the modified
: correlation coefficient given by equations (A.21) and (2.85).

2.7 Direction of Convection of the Pressure Field i

2.7.1 Jeint Acceptance Terms

In equation (2.36), and in subsequent analysis, it was assumed that the
pressure field was convected in the positive x; direction. It is possible

novw to extend the analysis, under certain conditions, to include the con-

vection directions which are inclined at an angle 6 to the x) direction. l

This is of particular interest because practical structures are not
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necessarily placed with one axis parallel to the direction of convection

of the excitation field.

From Section 2.3, the total panel joint acceptance can be defined

as

3 ) = 3 I 06 (£1,85,000) ax' ax” .. (2.87)

where the excitation cross correlation coefficient at zero time delay is

op(El.Ea,O;w) = —LTP-GT_ .

The (x,,x3) rectangular Cartesian coordinates will be retained as
the fixed ones of the panel and new Cartesian coordinates (y;,y3) will
be introduced such that the pressure field convection velocity is in the
positive y; direction, and is inclined at an angle 6 to the positive x;
direction, for 0 < @ ggl . In the new coordinate system the narrow band

2
cross correlation coefficient is

op(nl,n3,0;w) = IpP(nhO,x;w)I.Ipp(O,n3,r;m)| cos bn; « « o (2.88)

vhere n = (ny,n3) = 3"

-l'
and where the assumed forms for the correlation coefficients in the y,
and y3 directions are

lop(nl.O.t;w)l . et1lml

e .. (2.89)

lop(O.n3.r;w)| R SILH

Transforming to the (x;,x3) coordinates, the cross correlation

coefficient becomes

Dp(cl’ca’o;m) [ e-a]'lﬁll e'33'|€3l cos (bl€l FY baca) . v s (2.90)

.




where ap'

ajcos 6 + a3 sin 6

a3' = ajsin 8§ + a3 cos
b; = b cos 8 ... (2.91)
b3 = b sin @

Substituting equation (2.90) in equation (2.87), the joint acceptance

is

J () = L (JLI lew (x1")y_(x ")é-al'lgllcos b€ dx;' ax;"
oo A 0o ‘o m 17 /¥, 1X] 151 dx) 1

bs b3 -a3]53]
x [ ] ¥ (x3" v (x3")e 31231 cos b3ty dxy' ax3" )
0O O

N Ll L -8 'lgl
-2 X1 Xy J/e s1ln Dy
i (IO fo b (a1 vy (e 5 sin bygy axy ! ax,"

L3 Lj ~a3'|Es]
x v (x3")y (x3")e @3 153lsgin bagy dxy' dxy" )

. .. (2.92)

From arguments similar to those used in the derivation of equation
(2.22), it can be shown that the double integrals in the second term of

equation (2.92) are zero. Thus

Ly L
2 1 1 P |
Taglw) = TEYIO Io V(X1 Dy (xy")e™% 6] o5 b1y dx) ' dxy"

2 Ly L )y (xa") '53'|€3| ' "
x E;QI / wn(xg v, (x3")e cos bify dx3' dx;
0O o
e oo (2.93)

In Section 2.6, when the excitation pressure field was convected in
the x; direction, the excitation correlation function and the panel modal
shape were assumed to have fcrms which were separable in the x; and x3
directions, and the panel joint acceptance could be separated into components
in the tvo coordinate directions. From equation (2.93), when the x; axis

is inclined at an angle 0 to the direction of convection, the panel joint

«50~

L eide a1 et 2 - SNSRI e T s MR R e 0 e i




acceptance can be separated again into x; and x3 components, but the
associated excitation correlation functions (equation (2.91)) are combinaticns
of the empirical longitudinal and lateral functions. The double integra’s

in equation (2.93) have the same form as equation (2.56), so that the general

solutions of equation (2.56) are applicable.

The integrals in equation (2.93) show that the angle of convection
influences the wavelength matching condition through the parameters bj; and
b3, and the effective correlation decay rate through the parameters a;' and aj'.
From equation {2.91), for a; > 0, a3 > 0 and 0% 6;900, 2)' and a3' have
a maximum value at tan - (%3) and tan~t (it) respectively, the maximum

being v(a;2 + a32) in each case.

The panel joint acceptance, equation (2.93), has been evaluated for
cross correlation coefficients of the form shown in equation (2.89), where
the coefficient in the y3 direction has, for boundary layer excitation, the
simple form discussed in Section 2.6.3. The values of the joint acceptance
calculated from equation (2.93) will not represent completely the response
to boundary layer excitation but will give an indication of the effect of
the direction of convection. Joint acceptance curves have been calculated
for the conditions

0.lw and a - 0.71l5w
UC 3 U 1 4

a =

and results for modes of order l-1, 2-2 and 3-1 are shown in Figures 2.15 to
2.17 for a panel of aspect ratio 1.4545. This particular aspect ratio vas
chosen because it corresponded to the value for one of the experimental
panels. The panel joint acceptance was calculated also for acoustic
excitation, typical results for the panel of aspect ratio 1.4545 being shown
in Figures 2.19 and 2.20. The assumed correlation function gives a better
representation of the acoustic excitation field than it does for the boundary

layer pressure field.
2.7.2 Discussion

The panel joint acceptance qu(w) can, from equation (2.93), be

=51
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expressed as the product cf two functions each of which can be represented
by a curve similar in shape to the curve for the appropriate mode order in
Figure 2.1. Thus at all angles of convection the panel joint acceptance
curves show the characteristic maxima and minima associated with the

corresponding longitudinal joint acceptance curves in Figures 2.1 to 2.5,

but the correlation length ¢ in Figure 2.1 is replaced by g 5 in the
X; direction and siﬁ 5 in the x3 direction. Hence the locations of the
wavelength matching peaks in the curves will be at values of-%'--L and %3

which are lower than those associated with flow along the x; and x3 axes res-

pectively. The maxima will occur at positions such that

%l < em or -%3 < 2n

For the full panel joint acceptance Jaa(w), the parameter %3 is
replaced by the aspect ratio
such that

%t , and the peaks will occur at positions

L 2nL,
7 < 2m or T, s
vhichever is the larger. For example, in Figure 2.16, the wavelength

matching peaks occur at values of '%l where %l < 2.909n.

When the panel is considered as a complete unit, the mode shapes in
the x; and x3 directions combine to give & standing wave pattern which,
for a simply supported mode of order (m-n), is inclined at an angle Oon b0 -

the x) axis, where

-1 (L n
oy, = tan (L3’ m)
The results of equation (2.93) for acoustic excitation, show that
the panel joint acceptance is a maximum when the angle of convection 6 is
equal to ‘mn' Thus for plane wave excitation there is maximum panel

response vhen the panel inclination to the direction of convection is such
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that the excitation correlation pattern matches with the overall modal -

pattern of the panel. For the mode of order (2-2) in Figure 2.20,

o

the maximum response occurs when

g

6= ¢ = 55°30°,

Exceptions to this rule occur for modes of unit order in the x; or

x3 direction, but it has been shown in Figure 2.1 that the results for

L SRR

the unit order mode differ from the general results for the higher ord-.r

modes.

RS

In the case of boundary layer excitation, Figures 2.15 to 2.17 show that

the maximum response occurs when 6 = 0° or 6= 900, but not, as in the
acoustic case, when @& = ¢mn' The difference between the results for boundary
layer and acoustic excitation arises from the exponential decay of the boundary
layer correlation function. When 0° <8< 900, a;' and a3' will be greater
than a; (assuming that a; < a3), and each will have a maximum value of

Qﬁfggg for the assumed boundary layer correlation coefficient. The in-
creased correlation decay rate reduces the acceptance peaks and thereby

cancels the wavelength matching effect when 6 approachesgmr

If interest is centred on one particular value of %L » the results for
both boundary layer and acoustic excitation show that the panel joint
acceptance may have a maximum value when 6 has an intermediate value in the
range 0° to 90°.  The effect is of most importance for acoustic excitation,
vhere there is no decay term in the excitation correlation function,
particularly when the value of-%L is associated vith a zero of the joint
acceptance at some value of 6, In Figure 2.20, the (2-2) mode has zero
joint acceptances when 8 = 0° and 90°, and, when %L = 4, has a maximum in
the neighbourhood of & = 50°, Conversely the (3-1) mode has maximum

! values at 8 » 0° and 90° and an intermediate minimum. The results for
' boundary layer excitation in Figures 2.15 to 2.17 shov that, for low
values ot<£l y the maximum response occurs usually when 6 = 0°or o= 90°,

14
but at the higher values of %1 the curves show a tendency to become
-53-
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symmetrical about a maximum value at 6 = 45°,  This implies that, when
the correlation lengths are small relative to the modal wavelengths, the

aspect ratio effect becomes small and the panel is effectively square.

The effect of aspect ratio is illustrated in Figure 2.18 for the
(3-1) mode of a series of panels having aspect ratios i.0, 1.L5k5, 2.0
and 4.0, corresponding to the aspect ratios of the experimental panels.
The figure contains panel joint acceptance curves for the limiting
angles of convection 6 = 0° and 8 = 90°.  When 6 = 0° the aspect ratio
has a small effect on the joint acceptance, the value of Jaa(w) increasing
by a factor of approximately 2.5 for a four-fold increase in aspect ratio.
When 6 = 90° the effect is much greater, the same change in aspect ratio
causing the joint acceptance to change by a factor of 25. Similar results
will be found for intermediate values of 6, the effect of aspect ratio
being less than that shown when 6 = 90°.  The variation of panel joint
acceptance with aspect ratio is fairly simple in the example shown but

will be more complicated for righer order modes.

2.8 Cross Acceptance

The panel joint acceptance for boundary layer and acoustic excitation
has been discussed in general terms in Sections 2.6 and 2.7, using the non-
dimensional parameters %l, %}, and %% . From equations (2.64) to
(2.67), the longitudinal and lateral cross acceptances can be presented in
a similar way. However it can be shown that the cross terms in the displace-
ment. power spectral density function are usually much smaller than the joint
terms, as is shown by the results in Chapters 5 and 6, except under conditions
of close natural frequencies and high damping in modes for which the sum of
the lateral mode orders (n+s) is even. Therefore a general study of the cross
acceptance is of limited use and vill not be undertaken in the present
discussion, but the form of the cross acceptances can be illustrated by a
comparison with the joint acceptance for particular conditions which apply
to one o7 the experimental panels. The crosa acceptance results in this
chapter can be used in the case of heavy damping, vhen the cros: acceptance
becomes important, provided that due allovance is made for the assumptions
of light damping which were made in the analysis.
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In Figures 2.21 to 2.23, the acceptance curves are shown for the
4" x 2.75" panel when exposed to the turbulent boundary layer at a flow
speed of Uo = 329 ft/sec. Differences between the joint and cross
acceptances are immediately obvious and they are due tc the dependence
of the cross accepiance on the pode order psir (m,r) or (n,s), instead
of the single mode order dependency of the joint acceptance. It has
been shown that the joint acceptance is a positive function and in general
exhibits a single predominant peak associated with the wavelength matching
condition. Figures 2.21 to 2.23 show that the cross acceptance has a more
complicated torm. In Figure 2.21, the curves for the real part jmm(W) of
the longitudinel cross acceptance show the presence of two peaks of similar
magnitude but of opposite sign. Curves for the imaginary part kmr(w) of
the longitudinal cross acceptance in Figure 2.22 alsc show changes in sign
as the frequency changes. Further, from equatiou 2.44, it is seen that
kmr(w) = -krm(w).

The joint and cross acceptance curves, in terme of either the non-
dimensional parameters in Figures 2.1 tc 2.20 or the frequency in_Figﬁres
2.21 to 2.23, show that the peaks are broad, the bandwidths being of the
order of TO% of the centre frequencies. This is partisularly noticeaﬁle
vhen the acceptance curves are compered witk the resonance peaks of the
panel receptance. Thus the panel response vwill be only slightly lover
than the maximum coincidence value if the panel natural freéquancy lies

vithin a fairly broad frequency range centred on the vaveleagth matching
frequency. *

When the acceptance and impedance terms are corbined, the cross tefﬁ
contributions to the displacement spectral density have the fo;ha,shdvn in'
Figures 2.24 and 2.25. The curves in Figure 2.24 are for mode pairs in
vhich (m+r) is odd and (n+s) is even, and Figure 2.25 shuws the form of the
cross term vhen (m+r) and (n+s) are even. When {(m+r) is odd, the cross
term contains the product, given by equation (2.4S5), of

haB
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where g }hB are real :.id imaginary parts of the impedance product
as defined in equation (2.24). If (n+s) is odd, j'ns(w) = 0 and the

product is zero. From equation (2.51) the impedapce term By has

2 2
gaB + haB

maxima, close to the natural frequencies w, and wg of the mode pair, which
are predominant in the curves in Figure 2.2L. Secondary maxima are due to
the cross acceptance terms. The sign of the cross term will depend on

the sign of the acceptance terms, on the sign of the receptance term, and
on the sign of the mode shape product of wa(ﬁ)we(z) at the position x
considered. For the range of frequencies shown in Figure 2.2 the cross
term curve for the (2-1, 5-1) mode pair is positive and for the (1.2, 2-2)

mode pair, is negative.

When (m+r) is even, t"~ cross term contribution contains the product

g
af . .y
2 dppe(w) §'  (w)
Bag + “aB
As in the previous case, -——Té%-—-z has maxima at, approximately,

w=uw end W but from equggion (§§Sl)iga8 has zero values close to the
natural frequencies. Thus the cross term will not have the peaks shown in
Figure 2,24, but will have zeros of the type shown in Figure 2.25 for a
frequency close to 2030 c.p.s. In addition the cross acceptance term jmr(w)
will have a seriec of zeros shown in Figure 2.21, one of which, for the

conditions cons lered, occurs in the neighbourhood of the natural frequency

f = 1,300 c.?.s. with the resultant complicated response curve in Figure 2.25.

Finally & zero of jmr(w) occurs in Figure 2.25 at approximately 450 c.p.s.,
well away from the natural frequencies of the modes considered. Whenever
the cross term contribution passes through a zero there will be a charge of

sign, but Figure 2.25 shows only the amplitude of the contribution.

The relative magnitudes of the joint and cross term contributions to
the panel displacement power spec:ral density function can be compared in
Figures 2.24, 2.25 and 5.8, It is seen that the cross term contribution is

=56~
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greatest for mode pairs where (m+r) is odd, but that the contribution is

very small throughout the frequency range.

2.9 Summary
The response of plates to random excitation has been investigated

theoretically under the general assumptions that :

(a) there is no interaction between the plate and the excitation
field;

(b) the vibration can be adequately represented by a series of
normal modes;

(c) there is ro modal coupling due to damping;

(d) the mode shapes have an exact or approximate form which
is separable in the (x);,x3) directions;

(e) the excitation field is homogeneous and stationary;

{f) the excitation cross power spectral demsity functior can
be represented in a form which is separable in the (x;,x3)

directions.

In addition it was assumed that the panels were simply supported, and
that the excitation narrow band creass correlation coefficient was of the
exponential decay form. The excitation correlation coefficients for
boundary layer excitation were expressed analytigally from experimental
data of Bull (1963) for zero pressure gradient conditions. A typical
frequency dependent excitation correlation length { was defined in terms
of the separation distance tc the first zero of the excitation narrov band

longitudinal space correlation ~ocefficient.

The most important terms connecting the excitation wud the structural
modes are the joint and cross acceptences, and these have been studied ia
detail. Intercst vas centred on the joint acceptances because, except in
cases of close natural frequencies and high damping, the cross terms
are negligible relative to the joint terms.

The longitudinal joint acceptance has been studied for the two
correlation forms associated with the Strouhal number regions bounded by
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L8 0.37, using non-dimensional parameters %l, %&, and %l. In each
3

U

cl » . 3
regior the acceptance curves have a predominant peak in the neighbourhood
of the wavelength matching condition %l = 2m, for a mode of order m. Thus
as L decreases, due to an increase in Uc or a decrease in w, the panel

response will increase when %l is greater than 2m and decrease when %L

is less than 2m.

When the excitation correlation decay coefficient o) is increased the
joint acceptance decreases in the neighbourhood of the wavelength matching
condition and increases for other values of %l . The value of o) affects
also the position of the main peak of the joint acceptance curve, increases
of a; moving the peak to lower values of-%l . Thus, if the pressure field
loses coherence very rapidly the maximum response occurs when the convection
velocity is greater than that associated with the condition<£l = 2m, or when
the frequency is lower than that for %l = 2m. The conditio; g =0 is
applicable to excitation by grazing incidence acoustic plane waves, and the
joint acceptance has a series of well defined maxima and minima associated
with wavelength matching and mismatching. When &) increases the maxima and
minima become blurred into a smooth curve.

In the region %ﬁi < 0.37, a family of curves with parameter %}
replaces the single goint acceptance curve for a given value of a;. The
parameter %} has an effect similar to that of the coefficient a;. A
range of values 10 5_%3 & 80 was chosen, corresponding to the range
experienced in the experimental work and to values which are typical of

full scale aircraft.

In the lateral direction the joint acceptance curves do not exhibit
the wavelength matching peak, because the convection velocity has no
component in that direction. The two forms of lateral narrow band cross
correlation coefficient are separated by a boundary which is a function of
separation distance and not simply of Strouhal number as in the longitudinal
direction. Thus the lateral joint acceptance has a single form which
combines the two correlation coefficients. A simplified form of the cross

correlation coefficient, strictly valid only when k, < 0, vas used to
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estimate the joint acceptance, for comparison with the full lateral

joint acceptance. Good agreement was observed at high %1 (i.e. when

k3 < C) but as %% decreased, the agreement deteriorated. For %%-;=60,
there was agreement to within a factor of two except at the very low values
L
of =%,
4

Closer agreement between the complete and approximate joint acceptances
was achieved when an approximate cross correlation function was used in the
region |£3| < k3. This function assumed that the correlation coefficient

should tend to a zero value at large instead of the non-zero value

#
measured by Bull. It was shown that conclusions reached for the empirical
correlation coefficients assumed in the analysis should not differ greatly
from thoseapplicable to conditions in which the correlation coefficient has

a zero asymptote.

When the angle of convection 6 is changed, and %l does not have a
fixed value, it is possible to obtain an optimum wavelength matching between
the panel mode shape and the excitation correlation pattern. 1In the case
of acoustic plane wave excitation, the panel response has & maximum value
when 8 is equal to the angle ¢mm which the modal standing wave makes with
the x ; axis. For boundary layer excitation, however, the wavelength matching
effect is cancelled by the increased effect of the correlation decay rate, and
the maximum response occurs when § = 0° or 90°, If %L has a fixed value,
the response may be greater when the direction of convection is inclined to
the panel axis. The effect is most pronounced for plane wave excitation,
wvhere order of magnitude changes were predicted for certain values of %l .
When the correlation length is very small relative to the modal wavelength,
the joint acceptance has values which tend to be symmetrical about the value
for 8 = 45°, and the panel is effectively square.

The cross acceptance has not been studied in terms of the non-dimensional
parameters, but the form of the cross acceptance curves was illustrated for
particular experimental conditions. The cross acceptance differs from the
joint acceptance in that it has more than one peak and can be either positive
or negative in sign, depending on the frequency. When the cross acceptances
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and impedances are combined, the resulting cross terms will modify the
spectrum shape determined from the joint terms alone. The cross term
spectra can be complicated in shape, but the modification to the displace-

ment spectra is small for the experimental conditions investigated.
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CHAPTER 3

Experimental Equipment

3.1 Wind Tunnel

The experimental investigation is concerned primarily with the
vibration of panels exposed to turbulent boundary layer excitation, and
vibration measurements were made when the specimens were iounted in the
wall of a wind tunnel which was designed to have low noise and vibration
characteristies. The wind tunnel is of the induced flow, non-return type
driven by the injection of high pressure air downstream of the working
sections. The running time is limited to two to three minutes by the
storage capacity of the high pressure supply. The tunnel, whc:ie general
arrangement is shown in Figure 3.1, has two working sections, a subsonic
section 10 feet long followed by a supersonic section 6 feet long, both
of which have a rectangular cross-section with nominal dimensions
9 inches x 6 inches. The subsonic section is slightly divergent to
compensate for boundary layer growth and to provide a zero pressure
gradient. The flow velocity in the tunnel is determined by the throat
area upstrear of the supersonic section, and the use of two sets of tunnel
liners resulted in two operating conditions which had nominal Mach numbers

of Mo = 0,3 and 0.5 in the subsonic section.

To keep the vibration to a minimum the working sections are of massive
steel construction and are mechanically isolated from the injector and from
each other, being connected by flexible couplings. The working sections
are carried on flexible mountings (see Plate 3.1) which isolate them from
vibration transmitted through the laboratory floor. The extraneous sound
field in the test section is kept to a minimum by heavily soundproofing
the injector and diffuser, and the tunnel was always run in a choked
condition so that injector and diffuser noise was not propagated internally
into the subsonic section, except through the subsonic boundary layer in
the sonic throat. The diffuser outlet is outside the laboratory building.

wble
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In spite of these precautions, measurements by Bull (1963) and Clark (1966)
show that there is a significant low frequency noise field inside the
working section. This noise field can influence the pressure spectrum

on the wall of the wind tunnel, the effect being greater at the higher
Mach number and thicker boundary layers. In Figure 3.2 the boundary
layer spectra are compared with spectra of the background noise field
measured along the tunnel centreline. At low frequencies the boundary
layer and acoustic spectral densities are of similar magnitude and
structural vibration will be due to a combination of the two excitation
fields. Thus panel vibration measurements have been rejected for

frequencies below 300 c.p.s.

Comprehensive measurements of the characteristics of the flow in
the boundary layer wind tunnel have been made by Bull (1963) and it is
necessary to summarise only the data which is of particular interest to
the panel vibration investigation. Table 3.1 contains data for the four
panel positions along the subsonic working section. The free stream
velocity U° and the dynamic pressure q, of the airflow are essentially
constant along the working section and, for each nominal Mach number Mo’
the boundary layer thickness § increases from a value of approximately
0.4 inch at the upstream position to 1.42 inches at the downstream
position, the positions being measured from the tunnel datum (Figure 3.1)
at the upstream end of the subsonic working section. The houndary layer

displacement thickness &% is defined by

® U
= (1 - &) ax
IO OOUO) 2

vhere p and U; are the local density and mean velocity in the x; direction,
respectively. The overall root-mean-square pressure fluctuations are
denoted by /P2 . Under operating conditions the static pressure in the
tunnel working section is below the ambient pressure in the laboratory,

the pressure differential being proportional, approximately, to the square
of the free stream velocity in the tunnel. At a Mach number M° = 0,3, the
pressure differential vas approximately 1.0 1b/in? and, at M, = 0.5,

approximately 2.35 1b/in2,
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TABLE 3.1

Summary of Experimental Conditions

Position

X inches
Mo = 0.3
Uo ft/sec
q, 1b/ft?
§ inches

§* inch
/(B2) 1b/ft?
Mo = 0,5
Uo ft/sec
q, 1b/ £t
8 inches

[ inch
/(P2) 1b/ft2

22.5

329.4

122.5
0.38
0.055
0.692

5hk1.7

306
0.43
0.057
1.745

50-5

329.4

122.5
0.72
0.096
0.668

540.6

305
0.76
0.100
1.678

78.5

329.4

122.5
1.06
0.138
0.655

539.5

304
1.09
0.139
1.656

106.5

329.k

122.5
1.40
0.179
0.650

538.5

303
1.h2
0.17h
1.658

(RPN —
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In the discussion of the experimental results the flow conditions

will be referred to in terms of either the Mach number or the mean flow

velocity.
3.2 8iren Tunnel

An alternative form of convected excitation field was provided by
the siren tunnel, described by Clarkson and Pietrusewicz (1961). The
tunnel consists of a 12 in x 1k in rectangular duct with an Altec Lansing
Siren at one end and sound absorbing material at the other. The siren
is coupled to the duct by means of an acoustic horn (Figure 3.3). The
test section commences at a distance of 18 inches from the end of the
horn and includes a 24 in x 47 in rectangular opening in one wall of the
tunnel. Plane acoustic waves propagating from the horn will be convected
at grazing incidence over a specimen mounted in the test section opening.
The airflow through the siren orifice is controlled by a speaker coil
modulator which, in turn, is controlled electronically by means of an
oscillator or white noise generator. Within the limitations of the
siren (Appendix A) the spectrum shape, for white noise generation, can
be modified by suitable filters, and this form of excitation was used in
the panel response investigation. Whilst the vibration measurements
were in progress the sound field in the duct was monitored using a Bruel &

Kjaer 3-inch diameter microphone, and an overall level of 129 dB was

maintained.

The duct and horn are heavily soundproofed, but the construction of
the tunnel is less massive than the boundary layer tunnel. Thus the problem

of background vibration was found to be more severe.

The siren requires a continuous air supply for its operation and
there is an airflow along the duct. However, the velocity of the air
is extremely low (approximately 2 ft/sec) and there is no possibility that
it vill cause any direct excitation of the panel. There will be the
additional effect of jet noise described in Appendix A.
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3.3 Experimental Panels

The size of the experimental panels was chosen as a compromise
based on several considerations. The 9-inch walls of the working
section were available for the positioning of experimental specimens but
it was desirable that the panels should not extend into the regions of
three-dimensional boundary layers in the corners of the duct. Thus
the maximum permitted panel dimension in a direction perpendicular to the
flow was 6 inches to T inches. In the longitudinsl direction the panel
dimensions were restricted so that the excitation conditions did not
change significantly over the panel area. Further, the panel fundamental
natural frequency should be well above the frequency limit of 300 c¢.p.s.,
below which measurements were rejected because of interference from the
noise field in the tunnel. In the initial design of the boundary layer
tunnel there were a series of 6 inch diameter ports along the length of
the working section (see Plate 3.6). Thus panels, vhich satisfied the
above conditions, could be mounted on 6 inch diameter plugs and inserted
at desired positions along the working section. This method had the
additioral advantage that the panels could be rotated so that the major
axes had any required angle of inclination to the flow direction. In
particular the rectangular panels could be rotated through 900 so that

the minor axes were parallel to the flow.

Thus, the experimental panels were formed by bonding thin steel
sheets to 6 inch dismeter circular plugs and the shape of each panel was
determined by the dimensions of a hole cut through the plug. Four panels,

shown in Plate 3.2, were constructed with basic dimensions

3.5in x 3.5in x 0,015 in ;
L,Oin x 2.75 in x 0.015 in ;
4L,0in x 2.0 in x 0.015 in ;
4,0 in x 1.0 in x 0.015in.

Thicker pcnels were not used because the reduced vibration amplitudes
introduced measuring difficulties. Some experiments vere carried cut on
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0.005 inch and 0.010 inch thick panels (Bull, Wilby and Blackman (1962))
but the panels were destroyed during initial tests. Replacement panels
were not constructed, partly because the thinner panels showed a tendency
to be affected by tensions introduced during constfuction, and the

vibration measurements were made on panels of only one thickness.

The construction of a typical panel is shown in detail in Figure 3.k.
The steel sheet was bonded to the carrier plug using Kodak-Eastman 910
Adhesive which set rapidly under pressure, and was cured at room temperature

for 48 hours. To obtain a good bond the steel sheet was completely de-

greased by immersion for ten minutes in a 10% solution of sodium metasilicate _

and the brightness of the surface was then enhanced by immersion in an 85%
phosphoric acid solution for two minutes. When the bond had cured the
sheet was clamped to the plug along two sections of the periphery. The
clamps did not determine the edge conditions of the experimental panel,

but were added to prevent the panel from being carried into the tunnel in
the event of a failure of the bond during tunnel operation. Surface
irregularities around the clamping strips were filled with 'Araldite' resin
sc that the complete plug presented a flat surface, flush with the internal
wall of the tunnel working section.

Some of the panels were modified to have static pressure holes inserted
in the rigid face of the steel sheet but in other cases the tunnel static
pressure vas measured at plug positions adjacent to the panel position.

It wvas impossible to determine whether any panel tension was introduced
during construction but every effort was made to reduce tensioning effects
to a minimum. As a guide, the natural frequencies and mode shapes of the
final panels were measured and compared with theoretical values. This
comparison is shown in Appendix C and there is seen to be reasonably gocd
agreement between the measured and estimated characteristics. The
0.015 inch thick panels did not display the "oil canning" effect observed
in preliminary measurements on the thinner panels, and it was not necessary

to use the stabilising static pressure differential employed by Ludwig (1962).
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3.4 Displacement Measuring Probe

There are several ways of measuring the vibration of a structure
but many of them require that transducers be attached to the vibrating
body. In the case of the experimental panels the additional mass of
the transducers would cause an appreciable change in the vibrational
characteristics of the specimens. Therefore non-contacting capacitance
probes, manufactured by Wayne Kerr Laboratories Limited, were used.
Tnitially, the C probe, suitable for the measurement of vibration
amplitudes of less than 5 x 10'3 inch was used but later the more sensitive
B probe with a maximum amplitude limit of 2.5 x 10_3 inch was used, when
it became available. A very sensitive probe was available for amplitude
measurements of less than 5 x 10’“ inch but great difficulty was experienced
in aligning the probe and panel surface with sufficient accuracy, the gap
3 inch, Slight
distortion of the panel surface made the alignment impossible.

between the probe and panel being less than 1 x 10~

The probes consist of a flat, circular inner electrode which is
surrounded by a guard ring. An insulating sleeve separates the electrode
and guard ring. The outer radius of the guard ring is 0.125 inch for each
probe but the effective radius of the B and C probes is 0.050 inch and

0.0T0T inch respectively. The vibration meter acts on a high gain amplifier,

connected to a 50 Kc/sec oscillator, with a feed back loop through a
capacitance of approximately 0.5 pF between the probe and structure under
test. The output of the amplifier is a 50 Kc/sec signal vhose voltage
amplitude is proportional to the distance between the probe and structure.
The mean amplitude determinee the mean distance betveen the probe and
structure and the modulation amplitude is a measure of the displacement

of the structure. The S50 Kc/sec carrier signal could be removed by
filtering, and the meter output signal recorded on magnetic tape for
detailed analysis did not contain the carrier signsl. For small vibration
amplitudes the amplification provided by the vibration meter can be increased
by a factor of 5 by changing the output from "normal® setting to " #5%
setting. This increased amplification vas used vhen necessary.
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The combined sensitivity of the probes and meter amplifier was

calibrated before initial use and the calibration was repeated on

several occasions during the period of the investigations to check for
changes in amplifier characteristics. The calibration equipment can

be seen in Plate 3.3 where the probe is rigidly mounted above a vibrator.

N e etk £ e

Attached to the vibrator are an accelerometer and a small plate, the
system being shown in greater detail in Figure 3.5. The movement of

the plate was measured by the probe and monitored by means of a

e AR A TR WG ¢ i S ey

travelling microscope fitted with a vernier eyepiece, and by means of i

the accelerometer. At large amplitudes the probe was calibrated with

R e

i

reference to the microscope but at low amplitudes visual measurement was

inaccurate and the accelerometer was used as the reference. The block

(i ? diagram of the calibration apparatus is contained in Figure 3.6. The
2 probes were calibrated for sinusoidal oscillations in the frequency range
200 c.p.s. to 1,000 c.p.s. and calibration curves for the Band C probes

are shovn in Figure 3.T7. Within the accuracy of the method (approximately

+ 6%), the probe calibrations in terms of the r.m.s. displacement are :

Probe B:- Normal Setting 8.30 x 10-5 inch displacement per volt.
#5 Setting 1.66 x 10-5 inch displacement per volt.

Probe C:- Normal Setting 1.66 x lO-h inch displacement per volt.

At b e
TR P R I ERTENNC TR B - TN e S

#5 Setting 3.32 x 0™ inch displacement per volt.

The calibration measurements were made for a standard separation gap

? between the probe and plate of 3.5 x 1073

inch for the B probe and
7.0 x 1073

inch for the C probe. All vibration measurements were made

with similar gap sizes but, in any case, variations of the separation
distance have little effect on the probe calibration, In Figure 3.8,
the calibration factor for the C probe, at frequencies of 250 c.p.s. and
500 ¢.p.s., changes by only + 2% for variations in gap size of + 208 from 2
the standard of 7.0 x 10> inch. i

The response of a capacitance prote can be in error if the probe face
and vibrating surface are not parallel, but the errors will not be large
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in general. From Figure 3.9, the capacitance based on the elemental

area of the prote face, is

vhere k 1is a constant of proportionality and y is the distance between
the probe face and the surface of the vibrating structure. The total

capacitance, for a circular probe face of radius r, will be

7 2kr? sin?e d6
C. = f =
v 0y -Trcos 6 tan ¢

e oo (3.1)

where y is the mean separation distance between the probe and the
structure, and it is assumed that the vibrating structure is flat and

inclined at an angle ¢ to the probe face.

The solution of equation (3.1) is

c & (-0 -a2) . o . (3.2)

v

- 2
where Cv = KIX- is the capacitance for parallel surfaces separated by a

distance y and

= rtang¢ e o« (3.3)

4 -

y

The effective separation y'! between the probe and structure, as measured

by the probe, can be defined by

knr?
cv = -;'— » & » (30“)

From equations (3.2) and (3.h)

7= A (1-/01-22)

or, on rearrangement,

r tan ¢

y =y (e (—5;»-)2) e o (3.5)
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Thus the mean separation exceeds the measured value by a distance

Ay =¥y - y', and from equation (3.5)

& . (rtamgy . .. (3.6)
y 2y

Because of slight curvature of the experimental panels and small
errors in aligning the measuring probe, it was impossible to position the
probe so that the face was parallel to the panel surface. The angle ¢
between the panel and the face of the probe could not be observed visually
but it was estimated by advancing the probe until the guard ring touched
the panel. This condition was indicated by a sudden loss of signal due

to shorting of the measuring circuit.

When the probe guard ring just touches the panel

tan ¢ = %s

where R is the outer radius of the guard ring and is is the value of ¥ when

the probe is shorted out. Then, from equation (3.6)

X - (1‘-2'21‘-5‘,-.-)2 e (3.7)

y

For the Wayne Kerr C probe, %3 = 8.768 y; where y; (measured in
inches) is the separation distance indicated just before shorting occurs.

Equation (3.7) now becomes

N - g6t @) C e (3.8)

From equation (3.8) the error due to slight misalignment of the probe
and panel is small and cannot exceed 9.607%, since 5* cannot exceed unity
in practice. Further the value of Ay is always positive because the right
hand side of equation (3.7) is positive definite. Thus the probe will
alvays underestimate the mean separation distance.
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In practice it was found that the C probe alignment could be adjusted
to an optimum position for which the guard ring and panel touched at an

indicated separation y; less than 1 x 10-3

inch, corresponding to an angle
of inclination of approximately 0°35'.  From equation (3.8), for
y'=Tx 1073 inch, the error due to the surfaces not being parallel is

only 0.2%. For a system in which the vibrating system is rigid and moves

so that the angle ¢ between the probe face and vibrating surface is constant,
then the above error will apply to the distance measurement only. The
vibration amplitude is a measure of the difference between the maximum and
minimum distances and both these distances are affected equally by the errors.
Calibration checks confirmed that vibration measurements were not affected
under these circumstances. In the present investigation, the vibration is
in the form of distortion of the panel surface, and the angle between the
panel and the face of the probe will not remain constant. However, for the
displacements shown in Figure 5.2 and Table 6.1, the error is less than that
estimated above for static misalignment. Thus errors due to the panel
surface not being parallel to the probe face are negligible in the vibration
measurements of the experimental panels.

For the panel vibration measurements tke probe was carried in & holder
vhich allowed fine adjustment of the probe face relative to the panel surface.
The holder was attached to a rigid traverse gear which, when mounted on a
boundary layer tunnel side plate as shown in Plate 3.4, allowed the probe to
be moved over the full face of the panel. The traverse gear, whose
dimensions are shown in Figure 3.10, was designed to minimise vibration
interference. The combined system, of boundary layer tunnel side plate
with attached traverse gear, could be used at several positions along the
tunnel working section, or at positions away from the tunnel, for example
in the siren tunnel and freely suspended from a gantry for damping measure-
ments (Plate 4.,1). When the side plate was placed in the siren tunnel, as

shown in Plate 3.5, the remaining open area of the test section was covered
with wooden boards.
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3.5 Signal Analysis

The output signal from the Wayne Kerr vibration meter was recorded
for a period of one minute on magnetic tape at a tape speed of 15 inches
per second. At the end of each panel vibration recording, a 500 c.p.s.
calibration signal of known amplitude wes recorded to provide a datum when

replaying for analysis.

An initial analysis of the vibration was made by an automatic
frequency sweep to indicate the location of the peaks in the spectra.
The sweep rates were too fast to provide statistically reliable
information about the spectral density and a more detailed analysis was
then carried out using the filters of either 1.2% or 2.0% bandwidth in
the Muirhead-Pametrada Wave Analyser. The output signal from the filter
was integrated for a period of 50 seconds to ensure statisticel reliability

(see Appendix B). The integraticn period was chosen after results had

been compared for integration times of 10, 20 and 50 seconds. Taking
the results for a 50 second integration period as reference, the measured

spectral density obtained after 10 seconds integration was within + 22%

3
b
T
X
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of the reference. After a 20 second integration period the scatter was

reduced to + 15%.

e
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3.6 Pressure Equalising System

In many cases it was desirable that the panels should be unaffected
by the static pressure differential between the tunnel working section and

the laboratory. Thus the panel face external to the tunnel was enclosed

H in a box which could be evacuated to tunnel static pressure. Automatic
equalisation was achieved by connecting the box to the tunnel working

section at a point downstream of the experimental panel (see Plate 3.6).
‘ : Final equalisation was carried out through the small radial holes, shown

s

in Figure 3.4, in the plug carrying the panel. Unfortunately, this
system created acoustic disturbances in the equalising system and the

O w

tunnel, vwhich resulted in spurious vibration of the panels (Bull, Wilby
and Blackman (1963)). Therefore an alternative system was adopted in
which the small holes in the plug were sealed and the box was evacuated

P
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by & vacuum pump. Because of air leakage through the adjustabl: carrier
for the capacitance probe it was necessary to run the pump in a throttled
condition whilst the panel vibration measurements were being made. To
reduce the effects of a fluctuating airflow and pump noise, a large, baffled
reservoir, with a volume approximately 450 times greater thar that of the

box, was connected between the box and the pump.

The pressure equalising box is shown, mounted on the ylug, in Plate 3.7.

The 1id was attached to the box by two clamping strips, with a rubber sealing

gasket between the box and the lid. A small pressure tapping hole was
inserted in the 1id, which also contained a large hole for the probe

holder. A rubber '0' ring formed the seal around the probe holder and

the only air leak occurred along the screw threads for the probe adjustment.
This leak was very difficult to seal completely because of the necessity
for final adjustments to the distance between the probe and panel surface
when the tunnel was operating. The detailed arrangemeat of the box and
panel is shown in Figure 3.11, the internal dimensions of the box being

5.0 in x 3.5 in x 2.12 in, vhere the last dimension includes the rubber
seals. The effective volume inside the box is increased by the addition

of the volume of the rectangular hole in the carrier plug.

The complete pressure equali:iing system is shown in diagrammatic form
in Figure 3.12. The box was cornected to the reservoir by a flxible pipe
of 1-inch diameter (internal) aid 170 inches in length, with a control tap
at a distance of 50 inches frcm the box. The reservoir was connected to
the pump by a short length of flexible pipe. When panel vibration measure-
ments were made in the boundary layer tunnel, the box was evacuated to
approximately the tunnel operating static pressure, the box pressure being
indicated on a large (7 feet) water manometer. When the tunnel airflow
vas turned on, the small manometer was opened and the pump controls adjusted
until there wvas a zero pressure differential between the box and the tunnel.
This method vas sufficiently sensitive for equalisation to be achieved to
within + 0.2 inch of water in the short time available for adjustment.
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3.7 Background Vibration and Equipment Noise

The side panels of the boundary layer wind tunnel and the traverse
gear carrying the measuring probe were constructed so that the background
vibration arising from relative movement between the probe and tunnel side
plates would be a minimum. In spite of the precautions there was some
relative movement which was measured by replacing the experiment panel with
a 1.138 inches thick steel plug. The background vibration signal was
recorded and analysed in the way described for panel vibration measurements.
The recorded signals contained also contributions arising from electronic
noise in the measuring equipment. For example, it was found that in certain
acoustically noisy surroundings the Wayne Kerr vitration neters were subject
to microphony. The positioning of the meters was restricted by the 10 feet
length of low capacitance cable connecting the measuring probe to the meters.
Thus it was often difficult to distinguish between background vibration and

instrument noise.

Background noise spectra, containing background vibration and equipment
noise contributions, are shown in Figures 3.13 and 3.14 for boundary layer
and siren excitation. The probe calibration curve was used to convert the
signal voltage into an "equivalent displacement" GE(f) to give convenient
comparison with the vibration spectra measured for the experimental panels.
When the spectra in Figures 3.13 and 5.12 are compared, it is seen that the
background signal can be neglected except at certain frequencies where a
high peak in the noise spectrum coincides with a trough in the panel
vibration spectrum. The background vibration spectra show little variation
with position of the traverse gear along the tunnel working section and
with tunnel airflow velocity, so:that the most critical ratios of vibration
signal to background noise occurred at the lower speed and the thinnest
boundary layer. Even for these conditions the panel vibration spectra were
affected only at certain frequencies where the panel vibration wvas a

minimum, and corrections could be applied to the measurements.

Figure 3.13 compares background spectra measured in the absence, and
in the presence, of boundary layer wind tunnel airflow. In both cases the
vacuum pump was running in the condition used in panel vibration measurements.
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It is seen that there is an increase in background spectrum level when

the tunnel is running with large increases occurring atcertain frequencies.
These peaks could be due to mechanical resonances in the traéépse gear or
to microphonic resonances in the measuring circuitry. When the tunnel
was in operation the background spectrum showed little change when the
pump was switched off. The effect of the vacuum pump on the vibration

of the experimental panels was checked in the absence of the airflow and

was found to cause no significant vibration.

Measurements in the siren tunnel showed that the background signal
was greater than that observed in the boundary layer wind tunnel, the
corresponding spectra being compared in Figure 3.14. The increase could
be attributed to the less rigid mounting of the boundary layer tunnel side
plate, the siren tunnel not being designed to the same vibration free
criteria as had been employed in the boundary layer wind tunnel, and to
increases in traverse gear vibration and instrument microphony due to the
increased noise level in the acoustic enviromment. However, the background
equipment noise spectrum had a negligible effect on the panel vibration

spectra in the frequency range of interest.
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CHAPTER 4

Panel Damping

k.1 Introduction

The prediction of panel response to random excitation, and the estimation
of resolution loss corrections for measured response spectra, require a
knowledge of the panel modal damping for the conditions of interest. Thus,
in the present investigation, the effects of several parameters on panel
damping have to be measured. For zero airflow, changes in modal demping due
to the presence of the pressure equalising system and the tunnel working
section have to be studied. The effect of airflow in the boundary'layer and

siren tunnels has to be measured also.

The zero and non-zero airflow conditions reguire different appraaches to
what are essentially the same methods of damping measurement. For zero airflow
discrete frequency excitation was used, with possible methods of damping
measurement being provided by the oscillation decay curve, the amplitude
response curve, or the amplitude-phase response‘curve. The presence of the
airflow requires the use of random excitation techniques, but the associated
methods of response autocorrelation decay, power spectral analysis, and
excitation~-response cross power spectral analysis are basically similar to
the above methods for discrete frequency excitation. The discrete frequency
approach is well established, the advantages and disadvantages of the
different experimental methods having been discussed in detail by Mead (1959)
and Bishop and Gladwell (1963). Therefore only & brief outline is necessary.
Random techniques have not been used widely and they will be discussed in
greater detail.

The damping of the panel modes will be a combination of structural
(hysteretic) and acoustic (viscous) damping where, by definition, a hysteretic
damping force is proportional to displacement ard in counterphase with velocity,
and a viscous damping force is proportional to and in counterphase with velocity.
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Measurements have shown that the damping of the panels is small, so that
it can be represented adequately in most cases by considering it to be
completely hysteretic or completely viscous. Thus it was not considered
necessary to measure the relative magnitudes of the two forms of damping
present in the panels. In general, the acoustic radiation will be
smaller in the anti-symmetric modes than in the symmetric modes and will
be of most importance in the lower order modes, particularly in the
fundsmental. When the pressure equalising box is placed over one face
of the panel, the reverberant conditions in the box will reduce the
acoustic damping, and this could be further reduced by the presence of
the boundary layer tunnel working section where absorption is provided
only by the open ends of the tunnel. Hence it was assumed that, under
the experimental conditions, the panel damping was mainly hysteretic in
nature. This assumption causes no problems for harmonically varying loads
but difficulties arise in random excitation. These will be discussed in
section 4.4, The term "loss factor" will be used for the hysteretic

damping factor, to distinguish it from the viscous damping ratio or factor.

4.2 Discrete Frequency Excitation Methods

4.2.1 Amplitude-Phase Response Curve

Theoretically, the most suitable discrete frequency method for the
panels is the amplitude-phase response curve. The method takes into
account the amplitude and phase of the vibration and is basically more
accurate than the direct amplitude methods. However, for reasons which
will be discussed later, the method was found to be unsuitable for certain
experimental conditions.

The use of the response amplitude-phase curve for the estimation of
modal damping was developed by Kennedy and Pancu (1947) and the method
has been applied to a wide variety of problems. The method h;s several
advantages over direct amplitude methods and permits estimates of modal
damping to be made when there are large off-resonant vibration amplitudes,
and vhen two modes have close natural frequencies, provided that the
damping is not too large. '
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For a single-degree of freedom system, when the hysteretic damping
is expressed in terms of the complex stiffness, the equation of motion

18

Mw + K (1+iv)v = Fpelwt .. (1)

for simple harmonic excitation, where V. is the loss factor and Mr’ Kr
are the modal mass and stiffness respectively.

Assuming a solution of the form w = 'elwt, then the displacement

for unit force amplitude is

1 1
_ Vi Q = { 7 0 = H (w)
(K, - M ) + 1K v Mr(Gﬁ- w?) + 1vrwr2| r

1L

TR B
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Thus the locus of~% in the Argand plane is a circle (this is only
approximately true ?or viscous damping). Fer a multidegree of freedom
system the amplitude-phase curve will be modified by off-resonant vibration
aud Kennedy and Pancu assume that the off-resonant contribution is constant
in amplitude and phase in the neighbourhood of the natural frequency. The
errors imposed by the assumption are smallest when the resonant loop in the
reeponse curve corresponds most closely tc & circle, and the errors increase

as the loop departs from a circular shape. It is assumed also that there

is no modal coupling due to damping.

Kennedy and Pancu showed that, when the response curve of equation (4.2)
is drawn, the natural frequency w, is located at the point where the rate
of change of arc length with frequency, or more accurately with (frequency)?,
has & local maximum. The procedure for finding the modal damping is as
followe., The natural freguency ", is located as indicated above and the
; best circle is fitted to the experimental curve in the neighbcurhood of W
3 A diameter drawn from the natural frequency will cut the circle at a second
point vhich is the "digplaced origin" for the mode. The vector associated

Tpn TN ke Saan
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with this point corresponds to the off-resonant vibration. Using the
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displaced origin as & datum, the frequencies w, and w, (wp>wy) of the
half-power points on the resonance circle can be located by geometrical
construction, the half-power points being defined by
2
W
e =l
vhere the amplitudes are measured from the dispiaced origin and lwrlis the

amplitude at w = w.. The hysteretic loss factor is

2 2
o wi-w?
Vr 2w,
= Qz—i—ﬂl = ﬁﬂ for small demping . . . (4.3)
r r

When it is not possible to locate the half-power frequencies on the circle,
as is often the case when modes are close together, or when the damping is
high, the loss factor can be estimated from alternative formulae which apply

to the frequency range close to the natural frequency.

4.2.2 Amplitude Response Curve

The modal damping can be obtained directly from the amplitude response
curve only in the case of a single degree of freedom system. For a multi-
degree of freedom syctem, corrections have to be applied because of the
off-resonant vibration in the other modes of the system. The loss factor
is estimated from the frequency width of the resonant peak, and vhen this
is measured at the half power points the loss factor Ve is again given by

equation (k.3).

In a multi-degree of freedom system the amplitude of vibration in the
neighbourhood of & natural frequercy will include contributions from the
off-resonant vibration of the other modes of the syatem.

Assume, as previously, that there is no modal coupling due to damping,
and that there is a single damping factor associatea with each mode. Fu-ther,
assume that the effect of the off-resonant vidbralion on the amplitude of the
response curve, in the neighbourhood of the resonance, is constant. Then
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the amplitude of vibration, corresponding to equation (4.2) will be
F 1 i

= b
|V'I = Mr((wrz_wljz ry vrzw;uyé + X v ooo. (bob)

vhere the dash denotes the "measured value" and where X is the contribution

from the off-resonant vibration and is assumed to be constant. The

Y

assumption that x is constant will never be fully satisfied because it

I

implies vaat the off-resonant vibration undergoes the same phase changes
as the resonant vibration, an assumption which is not true. The validity

of the assumption can be estimeted from an inspection of the asymmetry of

PR

the measured peak. i

R

: Assuming the constant effect of the off-resonant vibration, Gladwell (1962)

i % has obtained a revised loss factor. The method of calculating the revised i
value requires the location of the point of inflexion in the response curve,
and the accuracy of estimation of the loss factor depends critically on the
accuracy with which the curve can be drawn. If damping is small, the
amplitude response curve has steep sides and cannot be plotted to a high
degree of accuracy. Large srrors can erise in tke value of the revised loss
factor. When the refined estimate was used in the experimental investigation
there was a large scatter in the results. Thus an alternative method was

used which reduced the scatter and was simpler to apply.

From equations (4.2) and (4.4), with x = constant,

W] = W] o+ x . v o (k.5)

Expressing x in terms of the single degree of freedom resonant peak

|w let

o

x = e v o (U.6)

then |w'| = |w| + elwrl

P T T i

. v
At the true half-power point |w| = l7§|
and the measured amplitude will be

ot | = el Bg +e) e (heT)
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At the resonant frequency, the measured amplitude will be

|wr| (1 + ¢) e o o (L4.8)

1]

o 1|

From equations (4.7) and (4.8), the square of the measured amplitude
is

e )2 V|2
' (%1++/§§% lzi | e o . (b.9)

sy

Thus, instead of estimating the damping from the frequency bandwidth
of the peak at

2
' |2 = J%‘:l' e oo (8.20)

as is the case for a single-degree of freedcm system, a revised estimate
can be mede from the bandwidth of the peak where the vibration amplitude is

obtained from equation {4.9). The value of the correction term (1 + /EE)Z
l+e¢
is shown in Figure 4.1 as a fanction of €. The method of correction has the

disadvantage that an estimate of the value of ¢ has to be made first. This

is often difficult in practice.

The method suffers from several practical disadvantages. The off-
resonant vibration must be reduced to a minimum by suitable positioning of
the exciter and probe. Also, in the case of small damping, the steep sides
of the resonant peaks are difficult to measure accurately and a high degree

of frequency stability is required for the exciting force.

4.3 Damping Measurements using Discrete Freguency Excitation
4.3.1 Choice of Method

Tvo alternative methods have been proposed in Section U.2 for the discrete
fiequency measurement of modal damping, the amplitude-phase response method
being more accurate, in theory, than the amplitude response method. In
practice it nas been found that the amplitude response curve gave the more
relisble results because there was an apparent instability of the resonant
frequencies of the panels (see Bull, Wilby and Blackman (1963)). This in-
stability may have been due partly to small irregularities in the frequency
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of excitation but, from observation of the phenomenon in other circumstances,
it was probably associated with slight temperature changes in the material
of the panel. The temperature changes could be caused by the panel motion,
eddy currents, or changes in local ambient temperature. The frequency
changes were small when compared with the natural frequency (less than 0.5% fr),
but could be of a similar order of megnitude to the frequency bandwidths of
the resonant peaks. Thus, for a nominally constant input frequency, the
respense vector at fregiencies very close to the natural’ frequency would
drift over a large part of the resonance circle. It was difficult to
correct for this instability in the amplitude-phase curves, and estimates

of the damping showed large deviations from the mean. The amplitude
response method had the advantage that frequency drift was immediately
obvious and the associated damping measurements could be rejected. Thus

the amplitude response method was often used in preference to the amplitude-
phase method, although the latter was used in the siren tunnel measurements
when the airflow was present but there was no activation of the speaker

coil ir. the siren.

4.3.2 Measuring Equipment

The panels, being of magnetic material, could be excited electro-
magnetically. The electromagnet was constructed with a 0.5 inch diameter
permanent magnetic core which biased the magnetic field and minimised the
possibility of panel vibration at twice the excitation frequency. The
electromsgnet was activated by a Muirhead-Wigan Decade Oscillator (Figure 4.2)
wvhich permitted the excitation frequency to be changed in 1 c.p.s. increments.
The panel vibration was measured using the Wayne-Kerr Capacitance probe C
and was monitored on an oscilloscope to ensure that the motion was linear.
The square of the vibration amplitude was recorded automatically on a
Moseley X-Y Recorder at a sveep rate of C.1 inch/second. The frequency range
in the neighbourhood of a resonance frequency was scanned manually at a
rate of approximately one frequency increment per second, alternate sweeps
being in the directions of frequency increassing and frequency decreasing.

-When applying the amplitude-phase response method the X-Y Recorder wss

replaced by a Solartron Resolved Components Indicator. The locations of
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the exciter and probe on the panel surface were chosen to give optimum

T o

values for the resonant to off-resonant vibration ratio, and were on
opposite panel faces. In general the gap between the panel surface and
the end face of the magnetic core of the exciter was 0.625 inch. For smaler
gaps the permanent magnetic field produced small increases in the panel
natural frequencies and at larger distances considerable increases in the

supply power to the electromagnet were required. At the high natural

i frequencies it was necessary to reduce the panel-exciter gap, but measure-
g ments showed that within the limits used, 0.25 to 0.625 inch, the size of

the gap did not affect the measured damping.

; The panel damping was measured under free space conditions by mounting

e

the panel in a tunnel side-plate which was suspended from a gantry in the
é : lsboratory (Plate 4.1). The effect of the presence of the pressure

. equalising system was measured by repeating the free space measurements
when the pressure equalising box, with the reservoir tank connected, was
attached to the carrier plug. Further measurements under zero airflow

¢ conditions were carried out when the panels were mounted in the boundary

layer and siren tunnels, the exciter being mounted inside each tunnel.
This method was also possible in the presence of the airflow in the siren

tunnel because the airspeed was very low. The pressure equalising system

vas not required for the siren tunnel measurements but the box and pipe
vere fitted to provide conditions similar to those in the boundary layer
tunnel, although the reservoir tank was disconnected.

-

! 7 4.3.3 Measured Loss Factors

fl : Mean values of the measured loss factors ere shown in Table .l for

ey

three conditions, viz. both faces free, one face free and one enclosed by
the pressure equalising box, and one face in the boundary layer tunnel and
one enclosed by the box. The values are in the uncorrected form obtained
from the frequency bandwidth of the amplitude response curve at the

: measured half pover point (equation (4.10)). Results marked vith an

i { asterisk were obtained from response curves vhich had a high degree of
skewvness and the results have a reduced accuracy. In certain cases the
skewness was so large that no reliable damping estimate could be made, and

g e o
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the results are omitted. The measurements show that the damping is small,

with loss factors in the range 0.0017 5 v, £ 0.012.

The error in the above loss factors, caused by the presence of off-
rescnant vibration, was estimated using the method described in Section 4.2.2.
The magnitude of the off-resonant contribution was estimated by measuring
the panel vibration at frequencies away from the resonant peaks. It was
assumed that the off-resonant vibration in the mode considered, and the
off-resonant vibration of the interfering modes were equal in amplitude but
differed in phase. Thus it was assumed that, if the measured amplitude
at the off-resonant frequency was Xy then the amplitude contribution from
the interfering modes was ég .+ The vibration amplitude was measured on

each side of the resonant peak and the mean value im taken. Then 'ég =X i
Based on this procedure, corrections to the measured loss factor are

For many of the modes, the estimated loss factor corrections
In the complex

shown in Table 4.1.
are less than 10% but they are much larger in certain cases.
Argand plane it can be shown that the above simple theory will overestimate

the required corrections, so that the values shown in Table 4.1 will be

upper limits for the errors in the measurements.

For each mode, the frequency sweep was repeated several times and,
after rejecting unreliable plots where frequency drift had occurred, the
mean values of the loss factors (shown in Table L.l) were obtained. It
vas found thet the measured values vere generally within + 10% of the mean '

values. During the measurements the excitation force was controlled so

that the maximum vibration amplitude of the panel did not exceed 2 x 10~
This limit exceeded the vibration amplitudes encountered in the boundary

3 inch.

layer and siren tunnel measurements, and within the limit the vibration

remsined linear and the damping remained constant. However, it wa:

observed that there was a reduction in the frequency stability of the high
amplitude vibration, which supported the suggestion that the instatility
vas due to small temperature changes in the panel, induced by the panel

motion.

The results in Table L.l show no general variation of damping with
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penel environment. The most important changes are observed in the (1-1)

order modes which show decreases in damping when one or both panel faces
are enclosed. These modes, where the panel motion is everywhere in phase,
are the modes which are most likely to be affected when one face of the
panel is enclosed in a cavity, because there is maximum volume displacement
of the air adjacent to the panel. The presence of the cavity will affect
the free field noise radiation and, when this is reduced, there will %e a
corresponding reduction in the acoustic contribution to the total modal
damping. The (1-1) mode of the 4 in x 2.75 in panel was particularly
sensitive to the presence of the pressure equalising system, and the
measured damping varied appreciably when the components of the system were
changed. The magnitudes of the variations were shown in Table 4.2, In all
damping measurements this mode was found to depend on the environment more
critically than did any other mode. From the results in Table 4.2 it is
apparent that the variations in damping coefficient are caused by a resonant
condition in the pressure equalising system as a whole rather than in the

box alone.

In general, the higher order modes show no significant variation with
the surrounding conditions, the exceptions showing a slight reduction in
damping due to the presence of the pressure equalising system. The effect
of the boundary layer tunnel is small because the tunnel enclosure is much
less restrictive on acoustic radiation than is the pressure equalising system.
Bozich (1965) has estimated the radiation damping for panels mounted in a
duct. He assumed that the generalised motion of the panel could be replaced
by the equivalent motion of a rigid piston in a baffle, and the results
shoved that there was a significant change in radiation damping vhen the
panel area was larger than the duct cross-sectional area. The change was
restricted to the fundamental modes, the effect on the higher modes being
negligible, The assumed representation of the panel motion may not be
very accurate for the higher modes but should be satisfactory for the
fundamer.ital modes. In the present investigation the ratio of panel area to duct
cross~sectional area did not exceed 0.3L4, so the presence of the duct would

be expected to have a negligible effect.
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Table 4.1

Mean Measured Loss Factors for Zero Airflow

3.5in x 3.5in x 0.015in Panel \ ;

R 1 AT T T T I D N L L Vg o e SRS S L A o

Face I Tziggl Free Free Tzizgl Free Free %
Face 1II Box Box Free Box Box Free \
Mode Uncorrected Loss Factor ngz:§2i0§f2fgom \
' 1-1 0.00968 | 0.00592 | 0.01025 - 7 - 5 - 16
1-2 0.00281 | 0.00301 | 0.00259 -1 - 5 - 8
‘ 2-1 0.00251 | 0.00277 | 0.00262 - 9 - 8 - 9
2-2 0.00213 | 0.00218 | 0.00213 - 12 - 9 -9
1-3 0.00237 | 0.00247 - -1 [-13 -
i 3-1 0.00335 | 0.00335 | 0.00529*%| - T - 13 - 10
| i 2-3 0.00252 | 0.00185* | 0.00212%| - 7 [- 6 |- 14
% 3-2 0.00172 | 0.00211 0100196 - 10 - 13 - 19
§ 3-3 0.00200 { 0.00°50 - - 17 - 23 - ‘
! b k=1 0.00248 | - - -1 | - - |
E é + Correction expressed as a percentage change.
? ?i * Results from response curves with a high
E degree of skewness.
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Table 4.1 (cont'd)

‘x‘»?‘wvm‘w*“!‘“fﬁ'mwﬁiw i

Panels: L4.0in x 2.75in x 0.015in ; 4.0in x 2.0in x 0.015in.

Wind Wind
Face I Tunnel Free Free T el Free Free
Face 1II Box Box Free Box Box Free
Correctiont from
Mode Uncorrected Loss Factor Section 4.2.2
Panel: 4.0in x 2.75in x 0.015in.
1-1 0.00L431 | 0.00709 | 0.01066 - 4 - T - 10
1-2 0.00292 | 0.00320* | 0.00421 - - 17 - 13
2-1 0.00338 | 0.00328 | 0.00360 - - 7T - 71
2-2 0.00218 | 0.00213% | 0.00259*| - 11 - 12 - 10
1-3 0.00269 | 0.00641 | 0.00530 | - 12 - 36 - 28
3-1 0.00312 | 0.00385 | 0.0076& - b - 10 - 18
2-3 0.00248 [ 0.00323 |o0.00480 | -12 |- 31 - 37
3-2 0.00208 | 0.00310% | 0.00358%§ - 10 - 17 - 25
h‘l 0000330 0000297‘ 0l00362 - 9 - 29 - 13
4-2 0.00248 | 0.00256 | 0.00261*| - 12 - 21 - 17
Panel: 4.0in x 2.0in x 0.015in.
1-1 0.00813 | 0.00913 | 0.01203 - 8 - 11 - 12
1-2 - 0.00945 | 0.01060 - - 18 - 18
2-1 0.00904 10.00851 |0.00593 | - 16 - 16 -12
2-2 0.00492 | 0.00483 {0.00518 - 23 - 27 - 27
3-1 0.00418 | 0.00411 | 0.00636 - 8 |=15 - 1h
32 - 0.00419 | 0.0045T - - 24 - 25
b=l 0.00421 | 0.00422 | 0.00627 - 7 - 13 - 19
S=1 0.00235 | 0.00274 | 0.00331 - 13 - 22 - 20
-871-
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Table 4.2

Effect of Pressure Equalising System on
4,0in x 2.75in x 0.015in.

Components of System Damping Loss
attached to Panel* Factor Vo
Pressure equalising box alone 0.00k4kLT
Box + 55.5in pipe with tap open 0.00982
Box + 55.5in pipe with tap closed 0.00710

at end of pipe

Box + 55.5in pipe with tap open
+ 116in pipe 0.00710

Box + full system 0.00413

%*second face of panel free to atmosphere
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Under similar conditions, but with an incomplete pressure equalising

T S AT

g

system (Section 4.3.2), damping measurements were made in the siren tunnel.

The measured values, shown in Table 4.3, are similar to those in Table k4.1

s A

vhen one face was free. Also, loss factors were measured in the siren
tunnel in the presence of the airflow. The airflow was extremely small
, and it was anticipated that there would be no significant changes in the
§ damping. The results in Table 4.3 show that, except for the (1-1) mode

S e

: of the 4 in x 2.75 in panel, the assumption was justified within the
? experimental accuracy. In the absence of airflow the loss factors were
measured with an experimental scatter of less than + 12%, but in the

; presence of the airflow the experimental scatter increased to + 25%.

{ h.lh Random Excitation Methods

Lh.4.1 General Problem

When an airflow is introduced over one surface of a panel, random
vibration is induced which masks any discrete frequency excitation, except
when the airflow is very small, as in the siren tunnel. In the presence
of random vibration, the estimation of panel damping using discrete frequency
: methods is not possibie, but the damping can be measured if random excitation
techniques are applied to methods which are similar to those used for
discrete frequency excitation. Additional factors have to be considered
when the random excitation has a spatial distribution over the structural

surface.

The assumption has been made in Section L.l that the damping in the
panel modes is mainly hysteretic and this caused no problems in the analysis
of the discrete frequency methods where the excitation was harmonic.
However, the concept of hysteretic damping is valid, strictly, only for
harmonically varying loads and care has to be exercised in conditions of

random excitation.

One of the basic properties of random analysis is the equivalence of
the time and frequency domains and the adbility to transform from one to the
other by means of the Fourier transformation. When the analysis is applied
to -structural vibrations it is assumed that the complex response function or

R it i T S S SO O e s
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receptance Ha(w) and its Fourier transform, the real impulse function ha(r),
exist and have valid forms. The difficulties associated with hysteretic
damping, for which the impulse response function is not clearly defined, can

be illustrated by the Fourier transform pair Ho(w) and hc(r).

For viscous damping the equation of motion can be written, as in

equation (2.3),

Mg, (8) + C G (8) + K g (t) =1 (+)

. 1 1
and the receptance is H (w) = = - -
a Y (w) M ({0 ®-0?) + 216awm;)

K C
= e & =
where W, Y( Ma) and Gu m:k:)

The Fourier transform of Hu(w) is

K SPAVERN - T ERIRIR: B
P, Lre

- _l__ r -iwt
ha(t) v Hu(m)e dw v e o« (ba11)
e‘cuwot
x s ?) sin (wntv(l-éaz))
“a a

wnich satisfies the conditions for & resl impulse function.

However, for hysteretic dar~piag thc Lagrange equation can be written
in terms of a complex ztiffness, Mcqu(t) + Ka(l + :vu)qu(t) = Lo(t)

and the receptence is
1
Tl q 4
D (RS I

Hc(m) &

The Fourier transform of Hm(u) is now
e—xwoi(‘a + w}
h (t) = ,
a 2ill°uaﬂ + “u)

vhich is complex and does not satisfy the conditiors of an impulse function.

To overcome thiy problem in random analysis it is suggested that the
hystereti: dumping is expressed in terms of an effective viscous damper by

~9i~
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writing the Lagrange equation in the form

Ma (t) +C & (t) +Kq (6) =L (t)

where Cae = 5324 is the effective viscous damping. The analysis is

then performed in terms of viscous damping and the hysteretic damping
reinstated in the final equation when Cae is replaced by 532“
i.e. Sa is replaced by :g_. *
2

Three methods are proposed in the following sections for the measure-
ment of modal damping. The methods concern the use of the response power
spectrum, the excitation-response cross power spectrum and the response
autocorrelation function respectively, but, for practical reasons, only the

autocorrelation method was employed finally.

4.4.2 Power Spectrum Analysis Method

The random vibration of a structure can be analysed to obtain the
displacement power spectrum, which will contain a series of resonance peaks
similar to those obtained from discrete frequency excitation sweeps.
Damping estimates can be made from measurements of the frequency bandwidths
of the resonance peaks, in the same manner as that described for the
amplitude response curve method (Section 4.2.2). However, in addition to
the errors occurring in the discrete frequency case, further errors will
arise if the analysing filters do notpossess bandwidths which are smaller
than the rcsonant pesk bandwidths. It has been shown by Forlifer (196k)
that ideally the bandwidths of the peaks should be at least four times
larger than the filter bandwidths, (see also Appendix C).

For single point random excitation, with spectral density Sp(w),

the displacement spectral density at point x is given by
2 2
s4(0) = ! JH (0] Sp(w) v 2 (x) v .. (bo12)

and, for constant input spectral density, the response is directly
proportional to lHu(m)l2 . VWhen the excitaticn force has a spatial

distribution over the structure, the displacement power spectrum has the
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modified form given by

5,(w) = g % wa(g)wﬁ(g)ﬂa*(w)ﬂﬁ(w)fAwaa(z')1PB(_x_")Sp(3c_' ox",w)dx" dx"

Thus the resonance peaks in the response spectra will give reliable estimates

of the damping only when the cross acceptance terms (o#B) are small, and when
the joint acceptance and the excitation cross power spectral density vary only
slowly with frequency. These conditions are usually satisfied in lightly

damped structures.

4.4.3 Cross Power Spectrum Method

The discrete frequency determination of modal damping from the amplitude-
phase curve method has a parallel in random excitation where the damping is
estimated from the excitation-response cross power spectrum. As in the
discrete frequency case, the method has advantages over other methods in

which only the power spectral density function is used.

The cross power spectral density can be measured directly if a suitable
pair of matched filters is available, and the resultant experiment.’' -.rors
are directly dependent on the loss of resolution due to the filter bandwidth.
Alternstively, the excitation-response cross correlation function can be
measured, and the Fourier transform computed to determine the cross power
spectral density. Errors will arise due to truncation of the correlation
function before trensformation, but the magnitude of the truncation error

can be estimated theoretically for an ideal gstem.

The cross correlation function for an excitation p(x',t) at x' and

the associated response w(x",t) at x" is defined as

T
R(p(x'),w(x"),1) = Lim %'-T-f p(x’',t)w(x",t+t)at o oo (ba13)
To =T

and the cross correlation and spectral density functions are related
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by  S(p (x"),w(x"),u) = %; R(p(x") w(x"),T) e dt !
- - e (ba1k)
R(P (25')"’(2‘.”)91) = | S(P(_’Ew)’w(?ﬁn)"") e dw x
- o i
; As before, assume that the response can be represented by the E
’ sumation of & series of normal modes i
3 i
wi,t) = ] g (t) v (x) seoe (B15) :
o i
and the equation of motion for the ath mode is 3
: ' M(!q(l + C(lq'(l + K().qﬂ = Lﬁ(t) 3
= [ v (2)p(x,t)ax e (4.16)
A
The solution to equation (4.16) can be writien in terms of the
impulse response function hu(T)
% , qu(t) = i Lu(t - 11) ha(Tl) dr,
k = { wa(i)P(ﬁ't'Tl)hu(Tl) dx dt, « o o (ba7)
From equations (4.13), (b4.14) and (4.1T)
RG] = D™ [ ] egleing(s,)
, Lim 1
: X Muew 5T J p(x',t)p(x,t+1~1 )t dx dr,
; = Ewa(_:g") ,l'w 1{wa(_ns_)hu(rl)Rp(_:g',zn-rl)dz dr,

v o o (4.28)
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Transforming equation {4.18), the cross power spectral density is

] " = 1 ]
s(p(x'),w(x"),u) g v, (x"H () fA ¥{x) Sp(_ng,z »w) dx e o« (4.19)
If it is assumed that Sp(_:g,_;g',w) is independent of frequency w, for

a frequency range w; < w < wp, then within this range

S(P(.Z{.')aw(ﬂﬁn)’w) = Z 'J’a(_&") A (x') Ha(u))
o

o X
3

i where A (x") = [ o (x) S (x,x',w) dx for w; < w < wp

; a'= PGS 2 =" =

, Then S (p(x'),w(x"),w) = ) Ka(gc_' ,x") Ha(w) for w) <w < w .« . (h.20)
| p

- ' = 1"

| vhere « (x',x") = v, (x") A, (x')

a result which is similar to equation 4.2 for the discrete frequency

amplitude-phase curve method of Kennedy and Pancu.

In practice it is not possible to measure R(p(x'),w(x"),1) for an
infinitely long time delay v , and the function must be measured for a finite
range of 1, =T 1<T<Ty & The computed cross power spectrum is then, by
analogy with equation (4.14),

5 (p(x ) w(x" ) = L f D(OR(pE) (g™, e ax C . (h2D)

vhere D{t) is a weighting function such that

D(t) = 0 fort<-r1 and T > T,

; Substituting for R(p(p_c'),w(_:s"),f) in equation (4.21), the measured
: cross power spectral density can be expressed in terms of the true cross

pover spectrum,

i.e. S'(p(l').w(?_f")’“;'%RI“OD(w-w')S[p(_J_C'),w(_:g"),w') dw! . o o (b.22)
where OD(w-w') = fml)(r)e-i(m"m')'r at e oo (b,23)

is the "spectral window". The effect of OD(m-w') is similar tc that of a
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filter and produces errors which are equiva’ent to the filter bandwidth

effect in direct cross power spectral analysis. With the assumption of

' constant excitation spectral demsity, equation (4.22) gives the modified

form of equation (L4.20), for single point excitetion.

s (p(x'),w(x"),u) = ¥ « (x',x")l—-f ¢ (w-0')H (0')dw e« o (b.2h)
- = aa—-—an_mD o
There are several well established forms of D(t) which are discussed
in detail by Blackman and Tuckey (1958) and the simplest, but the least

reliagble statistically, is

D(t) = 1 “T1S T £ T . o o (b.25)

Using the form of D(1) given by equation (4.25), and the form of

Ha(w) applicable to viscous damping, Clarkson and Mercer (1965) have shown
that the truncation of the cross correlation function distorts the ¢ircular
response curve in the Argand plane. They have computed a series of corrections
by which the true damping can be estimated from measured values of the radius
of curvature Py of the response curve, and the rate of change of arc length £
with frequency st the natural frequency of the mode. For small values of the
viscous damping coefficient and for practical time delays the corrections are

very sensitive to changes in the parameter %— '%% .
L
L.b.4 Response Autocorrelation Method

The response autocorrelation method is similar to the response decsy
method for discrete frequency excitation and suffers from the same dis-
advantages. For a single-degree of freedom system the exponential decay
rate of the autocorrelation function is proportional to the damping ratio,
but the correlation function for one mode of a multi-degree of freedom
gystem is distorted by vibration in the other modes. Thus only in special
cages can the equivalent single-degree of freedom decay rate be measured.

It has been shown in equation (2.13) that, under certain specified

conditions, the response autocorrelation function is
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Ry(1) = E gw (x)¥,(x) fA IA v (x" g (x")

x [ | ha(Tl)hB(TZ)Rp(E'15"’T+11'T2)dTldT2¢£'QEr e o o (4.26)

From physical reasons Rp(i'dgu 7 and h (7) are real functions and,
therefore, each term in the summation series is real. Alternatively the
response asutocorrelation function can be expressed in terms of the

excitation cross-power spectral density

Ry(1) = Eg‘”a(i)"’s(i) IA IAwB(_:g')wa(g")

[ H*(w)H (w) 5,(x'x"su)e

-0

T guax'ax" ... (b2

where, comparing with equation (4.26), each pair of terms (a,B) and (8,a)

must have a real sum.

Consider the integral

1 (x',x") = {- B (w)H (w) sp(g,g',m)ei““ dw o . (h.28)

For viscous damping it has been shown that

B (0) = 1 oo (b.29)

M((u2 -6?) +2i8 wo )

. 8 2Ve 3
vith poles at u = +u /Q 8,20+ 18 w

Equation (4.28) can be evaluated by contour integration in the upper

i

half of the complex frequency plane, provided that Sp(;_' »X",w) is of order
less than w®, with the result

4 g g vy, T

-8 Wyt .
vn.21¥e“° 1 Yal & Apf i w
IaéQ »x") MM_o A-6 ¢) D_D* {su (DGB cos(mcn(l 603) Dussm(wu“(l 604))
aBa o af aB

+ Si (D:Bsin(wuh(l-ﬁua) + D:Bcos(mutﬂ-cua))}

e+« (b.30)




R o

where

S (x*,x",(A-s%+is Juw ) ST(x',x", (M1-s2+ig )y ) - isi(_:_c_' oX"s (M-sd+is Ju )
P a o a o o a o V] o a @

n”

Cp(gg' ,1",(»&) -iQp(_:g' ,_Jg",wa) for small damping
w 6 <<l
aa

.o (B31)

Sp(ﬁ' :}_" swu)

vhich is the excitation cross power spectral density at w = Wy

DaB = DaB M 1Da8

2_2Y o 2 (182
(ma—mB) 2wu6a(mu6u + mBéB) + 21mav(l Ga) (maé’.1 + wBGB)

A
i

2_..2) _ . .
(ma-ws) 2mc6a(wa63 + wBGB) + 21ma(ma60 + m868) for small damping
e oo (bo32)

- 2,2 )
DGBD;B = (wu-u)s) + hwamﬁ(waaa + mBGB)(mGGB + mBGG) o+« (b.33)

From equation (L4.31), equation (4.27) contains integrals of the form

IA IA vglx'lv (x") Cp(_n_:_' X" Jax' ax"

and IA fA ve(x' v (x") Qp(g' X" Jax' ax"

vhich have been evaluated in Section 2.3.2. 1In particular, for the case a=g

it has been shown that

[ ] vz v (2") Qlx'ox"w) ax' ax" = O v e (U.3)
A A
From equations (4.32) and (4.33) it can be shown that, for a=g
r i
v o o (U4.35)

D D
ag -l and aa . -1
I Duu I ;a | Daol ;a Gu

-98-




e

SRR

Equation (4.27) can now be written:

6(1 ol
Ry(1) = Zw 2(x) ﬂe—z----z--~ (cos w T8 sin war)fA]A*#a(g')wa(gc_")cp(z' x",0 Jdx' dx"

a
+ ] zwa(x)ws(x) gls——_T___T (D cosw, 7-D% Bsmw t)f fw (x' W, (x")C (x',x", w, )
o @ d.x'dx"
i
+ (Daﬁsmw +D" «8CO%Y, T),{waB(x Yo (E")Q(QE' ’}-"’ma) dx'dx"}
.« o (4.36)
When the resonant peaks associated with modes a and B are well
separated in frequency and, say, Wy >> wg then
r i
D D
2} l GB 26 s o = (ho37)
-,———-?7 2 —= a_nd1——F7 = —%
DaB “a DaB )
From equatlons (h 35) and (4.37) it can be shown that, for 8, << 1,
pr
the coefficient 'T——4r1 is large compared with the coefficients T———T“
Dr . 8 p& an 2 ]
and 1———15 Then equation {4.36) can be reduced further to :
) "e-éawat
Ry(1) = ) ¥ (%) gz 75 cos tf N (x')v, (x")C (Xé suldx' dx”
a a a a
« « « (b.38)

When the frequencies Wy W are close together the coefficients
Do D D %
]
o R o IR s R ¢
|Dmo 'Duu DuB DuB
have similar orders of magnitude and the simple form of Rd(t) in equation (4.38)
is not valid. Any simplification in that case will depend on the relative

magnitudes of the spatial double integrals for the particular excitation

considered.

1r Rd(T) can be expressed in the form of equation (4.38), then the
value of 60 can be determined experimentally. With v as the independent
variable, equation (4.38) has the form

Rd(r) « ) zae' Saua® o8 wgt (%= constant)
a
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which is a series of exponentially decaying cosines. If it is assumed that
the contribution from the ath mode is due mainly to the response in the
frequency range in the close neighbourhood of w,s @nd that the contributions
from the other modes are negligible in this frequency range, then

- -samu't
(Rd(T))wa = 2 e cos u T

where (Rd(T))ma denotes the autocorrelation function obtained from the

filtered response signal, with the filter centre frequency st w, . This
can be measured experimentally to determine 8 if the filter response is
flat in the frequency range of interest. In practice the contributions
from other modes will distort the correlation function and will introduce

inaccuracies.

In the special case of single point random excitation the response
autocorrelation function has a much simpler form than equation (L4.36). The
real part Cp(g',;f,w) of tlecross power spectral density function reduces
to the power spectral density function Sp(m) and the terms for a¥f in
equation (4.36) are zero. Thus equation (4.36) reduces immediately to

,e'én“ut

2 .
Rd(r) = E Y, (g)Sp(ma) 5&;2;;23;- (cos w,T + 8, sin maT)

4.5 Damping Measurements using Random Techniques

4.5.1 Choice of Method

Theoretically the excitation-response power spectral density method
provides the most accurate estimate of the modal damping but in practice this
is not alwvays true, and it has been found that in certain circumstances a
better estimate of the damping is given by the autocorrelation decay method.
Howvever, the autocorrelation methods suffer from the disadvantage that it can
be used for only a limited number of modes. The cross spectrum and auto-
correlation methods were applied to the experimental panels and the latter
method wvas chosen as the more accurate for the conditions of the investigation.
Damping loss factors for the panels, determined from the cross- and auto-
correlation techniques, have been compared with discreie frequency results
by Richards, Wilby and McNulty (1965) and a detailed comparison is not
necessary in this discussion.
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4.5.2 Measuring Equipment

N

In the cross power spectrum method it is necessary to record simul-
‘ taneously the excitation and response. Because of practical difficulties

the boundary layer pressure field on the panel could not be measured and a

second excitation was introduced. This was provided by an electromagnet

which, in association with a white noise generator, produced a randomly

R R e e i T i

varying magnetic field. The experimental system is shown diagrammatically

) in Figure 4.3. The probe, designed by McNulty (see Richards, Wilby and
McNulty (1965)), consisted of two coils wound on a core which was a specially
constructed capacitance probe for use with the Wayne Kerr Vibration Meter.
This design was adopted because of the limited space available in the
pressure equalising box. The core had no permanent magnetism, and one of
the coils carried a D.C. current to provide the permanent magnetic field

necessary to bias the alternating field. The D.C. current was controlled by

e

e

a variable resistance to give a predetermined D.C.:A.C. current ratio. The
voltage input to the A.C. coil and the voltage output from the Wayne Kerr
Vibration Meter were recorded simultaneously on a twin track tape recorder.
The panel response contained vibracion due to boundary leyer excitation and
electromagnetic excitation, both of which wvere random in nature. Hovever,
the boundary layer induced vidbration had zero correlation with the electro-
magnetic excitation and was eliminated wvhen the twvo recorded signals vere
correlated. Correlation vas carried out on the correletor developed by
Allcock, Tanner and McLachlan {1962) at the University of Southampton. For
each time delay selected, the signals vere integrated for a period of

10 seconds and the correlation coefficient vas computed.

The effect of the D.C. field is shown in Figure 4.4. The 3.5in x 3.5in
panel vas excited, in zero airflov conditions, at a frequency f = irl.l =
245 c.p.s., vhere ’1.1 is the nastural frequency of the (1-1) mode. This
is the most severe condition for the frequency doubling effect because
there is a natural frequency in the neighbourhood of 2f but not at f. When
there is no D.C. field the vibration is essentially at s frequency 2f and there

is poor correlation vith the excitation, vhich has a frequency f. Also the
shape of the correlation function is distorted. When the D.C.:A.C. current
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ratic is increased the correlation at the esxcitation frequency increases

and the correlation curve assumes a true cosine form. Under normal

conditions for damping measurement the excitation is selected to be narrow band
white noise centred at the natural frequency concerned, and the effect of the
D.C. field will be much smaller.

The autocorrelation function for the response was obtained directly from
the measurements of vibration due to boundary layer excitation. When auto-
correlation functions are measured for lightly damped structures it may be
nacesszary to use long time delays, with associated errors arising from speed
fluctuations on the recording system. The most important speed variations
in this context are the rapid changes due to eccentric drive capstans,
bearing friction and uneven driving torque, and the replasy frequency is
modulated by the ratio of the replay to reocord speeds

f(replay) = f(record) . v (reglgx;
v (record

For a high quality recording system the speed variations should be
small in amplitude and will have a negligible effect on spectral aralysis,
but there could be a significant effect on the auto- and cross-correlation

functions vhen long time delaye are used.

To measure the amplitude of the errors for the particular tape recorder
used in the panel response measurements, sinusoidal signals were recorded,
for a tape speed of 15 inches/second, at frequencies of 500, 1,000 and
2,000 c.p.s. vhich covered the range of interest for the dumping measure-
ments. The autocorrelation cosfficients for the calibration signals were
determined. Ideally the autocorrelation curve should have the form of an
undamped cosine

p{t) = cos wr
but in practice, because of the speed variations, it has the form of &
decaying cosine. The decay rate can be easily determined if the auto-
correlation coefficients are measured for successive peaks of the auto-
correlation curve, determined by cos wt = 1. The decay curves for the
three calidbration signals are shown in Figure L.5. When the time delay is
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expressed directly in seconds the autocorrelation decay rate has a strong
dependency on frequency (figure 4.5(a)), but when the delay is expressed in
terms of the number of periods K of the autocorrelation function, N = fr,

the decay rate is only weakly dependent on frequency (Figure 4.5(b)). From
Figure U.5, corrections vere made to the damping measurements, but in general
the vibraticn autocorrelation decay was measured over time delays for which

N < 16, and the corrections were small (<2%).

It has been shown in Section U.4.3 that, in certain circumstances,
the vibration signal can be filtered to provide an approximation to a single-
degree of freedom system, with the associated simple form of the autocorrelation
function. This wvas achieved in practice by the use of either the one-third-
occtave filters of a Bruel and Kjaer Spectrometer or the one-third-octave
filters of a Muirhead-Pametrada Wave Analyser. The choice of filter was
dictated by the mode under investigation. The Bruel and Kjaer filters had
grod octave discrimination but had fixed centre frequencies at one-third
octave intervals. Thus they could be used only when one of the filter centre
frequencies was close to the pmastural fregquency of the mode under investigation.
For other modes the Muirhesd-Pamotrazdu Wave Analyser, which had variable
filter centre freguenciss but poor octave discrimivation, was used. Filters
with one-third octave brndwidthe were used so that the maximum information
could be obtained for & single mode. The narrover filter bandvidths §
available (4.5%, 2.03 and 1.2%) had characteristics which varied over
fraquensy ranges which vere close to the natural frequency of the mode. Thus
they nigh£ modify the single mode response and introduce further inaccuracies.

4.5.3 Results from Cross Pover Spectrum Method

Measurements under zero airflov conditions showed that, in order to
achieve a significant cross correlation coefficient, the excitation should
have a narrov frequency distribution, as in the case of narrov band vhite
noise. The effect of the bandwidth of the vhite noise on the cross
correlation coefficient is shown in Figure 4.6. The measur ments show that
even vhen the excitation energy is restricted to the range 500 c.p.s. to
1,000 ¢.p.s. the energy is distributed over loo vide a frequency band and
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the response contains too many natural frequencies. The maximum correlation

coefficient is less than 0.2 and the signals quickly decrease to values which
are of the same order of megnitude as the correlator instrument error. Thus
narrow excitation bandwidths of 4.5% wereused in the majority of the measure-
ments. However, when using the 4.5% bandwidth excitation, care had to be
taken to centre the excitation frequency band at the natural frequency of the
mode under consideration, so that the excitation would satisfy the condition
that the spectral density was indpendent of frequency, at least in the

immediate neighbourhood of the natural frequency.

Using 4.5% bandwidth white noise excitation, damping loss factors were
estimated for several modes under zero airflow conditions and the values
were compared with those obtained from the decay of the autocorrelation
coefficient. The cross power spectra were computed using the weighting
function D(t1) = 1 (equation 4.25) and the corrections of Clarkson and
Mercer (1965) for the truncation effect were applied to all results. 1In
all cases the loss factors estimated from the cross-power spectrum were
considerably larger than those estimated from the autocorrelation function
or from discrete frequency excitation. In Figure 4.7, a typical excitation-
response cross-correlation curve and the associated computed cross power
spectrum are shown for the (2-2) mode of the 3.5in x 3.5in x 0.015in panel.
For the transformation, the cross-correlation curve was truncated at a time
delay of 16 milliseconds. The cross correlation coefficient in Figure 4.7
decays quickly and for time delays greater than 10 milliseconds the values
of the coefficient never exceed the level of the errors inherent in the
correlator. ‘Thus at the longer time delays the correlation coefficients are
probably spurious and the transformation is in error. However, if the
correlation coefficient is truncated at a time delay of 10 milliseconds the
estimated lose factor would require excessive correction with the possibility
of large errors. In the example chosen the estimated loss factor was an order
of magnitude greater than the values estimated from the autocorrelation method
or from the discrete frequency amplitude response curve.

From the zero-airflow investigation the cross spectrum method wvas found
to be unsuitable for very lightly damped structures and was not used when

~10k-




e il kA

the airflow was present. Limited experience with specimens having higher

loss factors indicates that the method might be of value in such cases.

4.5.4 Results from Autocorrelation Method

It has been shown theoretically in Section k.l that the autocorrelation
technique can be applied only to modes whose natural frequencies are well
separated from the neighbouring peaks so that, when the response signal is
passed through a filter centred at the natural frequency, the filtered signal
contains a negligible contribution from the neighbouring peaks. Further,
the method cannot be used if the peak is small relative to the neighbouring
peaks because there will be a significant contribution from these modes to
the vibration at the natural frequency under consideration. This contribution
cannot be eliminated by filtering. It is obvious from these restrictions
that the method can be applied to only a very limited number of natural

frequencies.

The above conditions were applied to the measured vibration spectra
and several modes were selected for investigation. The appropriate one~third
octave filter was chosen to minimise the effect of the vibration in neighbouring
modes. For each of the modes considered, the shape of the autocorrelation
curve was inspected at a representative measuring condition. When the curve
did not have the shape of a decaying cosine the corresponding modes were
rejected. Thus the modes finally selected satisfied the condition that the
vibration could be adequately represented by a single degree of freedom
system. Figure L.8(a) shows the autocorrelation curve for a mode (1-1 mode
of the 2.0in x L.0in panel) finally chosen for investigation and it can be
conpared with the autocorrelation curve in Figure 4.8(b), for the 2-1 mode of the
2.0in x 4.0in panel, which is distorted by lov frequency modulation. Applying
simpli fied arguments to two neighbouring sinusoidal signals at frequencies
£' and f", it can be shown that the resultant autocorrelation function wilil

. o o 2 .
contain components modulated at frequencies e and - On this basis

the 1-1 (tl ,* 1070 c.p.s.) and 2-1 (f2 1® 1280 c¢.p.s.) modes would provide

» ]
lov frequency modulation at a frequency of 105 c.p.s. vhich is comparabdle to
the modulation frequency of approximately 90 c.p.s. present in Figure 4.8(d).
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Although the full autocorrelation curve was used for sample cases
vhen checking the validity of the single-degree of freedom assumption,
the full curve is not required for the decay measurements where only the
peek values of the autocorrelation cocefficient are of use. The positions
of the pesks were located approximately from the Lissajous figure for
the two correlated signals, when displayed on an oscilloscope, and the
peak values were then found from detailed correlation measurements around
each peak. It was not possible in this method to identify any frequency
drift in the panel vibration and the experimental scatter was expected to
be of a similar order of magnitude (125%) to that experienced in the
amplitude-phase method for discrete frequency excitation. Thus loss
factor variations of less than #25% of the mean values cannot be considered

as significant.

Damping loss factors for the selected modes were measured for the four
panel positions along the tunnel working section. The results in Figures
4.9 and k.10 show that the damping is essentially independent of panel
position. This conclusion agrees with the results of a limited number of
measurements using discrete frequency excitation under zero airflow conditioms,
and indicates that damping is not affe@ped by boundary layer thickness nor by
panel-tunnel resonances at the panel positions. The results in Figures 4.9
and 4.10 show that the measurements do lie within the predicted limits of

+25% of the mean values.

The effect of airflow on the radiation damping of panels in a duct has
been investigated theoretically by Fahy and Pretlove (1965) who considered
the case of a panel spanning one wall of the duct. The effects of the airflow
vere most important at the panel fundamental natural frequency but in the
example shown by the authors, for a panel with an area to duct cross
sectional area ratio of 9, there vas little variation of damping with air-
speed, “or frequencies greater than 500 c.p.s., in the Mach number range
M=0 to 0.5. In the measurements of panel response to boundary layer
excitation the panel to duct area ratio was less than 0.34 and the maximum
panel length vas only 45% of the duct wall dimension. Thus the results of
Fahy and Pretlove suggest that the airflow inthe boundary layer tunnel would
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have a small effect on the experimental panels.

Mean values of the measured loss factor are shown in Table 4.k, where
the results for the two flow speeds, Uo=329ft/sec. and 54Oft/sec. are
compared with the zero airflow measurements. The loss factors are
associated with modes which are well separated in frequency from neighbouring
modes, except in the case of the (1-2) and (2-1) modes of the 3.5im x 3.5in
panel. By suitable positioning of the measuring probe on panel nodal lines
it was possible to obtain response spectra which had contributions from only
one of the two modes. Thus the loss factors for the two modes could be
estimated. Results for the rectangular panels are shown for two panel
orientations, with the major axis parallel and perpendicular to the flow
direction. Within the experimental accuracy the results show no significant

effect of panel orientation.

The results in Table 4.4 indicate that there is an increase in damping
due to the presence of the airflow, but that there is no general variation
which is applicable to all the panels. In the case of the square panel
the damping is greatest for a flow velocity of 540ft/sec. but the rectangular
panels have maximﬁm damping when U°-329ft/sec. The measured damping
increases are not very large for the 3.5in x 3.5in panel, being less than

30% of the zero airflow value, and except for the (1-1) mode, the changes

_are not much greater for the 4.0in x 2.0in panel (<l6%). It should be

noted that in general the experimental errors will increase the apparent
damping so that the mean values in Table 4.4 will tend to overestimate the
true damping. However, very large increases vere measured for the 4.Oin x 2
panel, the two modes (1-1) and (2-1) showing damping factors vhich are up to
3.25 times larger than the zero airflow values. These large changes are
difficult to exjlain because the panel dimensions and modal natural
frequencies are similar to the corresponding values for the 3.5in x 3.5in
panel. The mode shoving the largest changes in damping is the (1-1) mode
of the L.0in x 2.75in panel, which, as has bcen discusced in Section 4.3.3
and Table h.a.(uus very sensitive to the arrangement of the pressure
equalising system. Thus there may be additional effects vhich contribute
to the changes in dsmping for this mode, but it ves not possible to

identify them.
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Table

Effect of Airflow on Damping Loss Factor (Mean Values)

Flow Velocity ft/sec. 0 329 540
v(32 v(540
Panel MODE vo) | v329)] visk0) -;7%} -—%&5%

3.5in x 3.5in 1-1 | 0.00968| 0.00798} 0.01159 0.82 1.20
1-2 | 0.00281] 0.00318 - 1.13 -

2-1 { 0.00281] 0.00291] 0.00356 1.05 1.27

2-2 | 0.00213] 0.00246| 0.00264 1.15 1.2k

3-1 | 0.00335| 0.00300 - 0.90 -

4.0in x 2.75in 1-1 | 0.00431| 0.01097| 0.01001 2.54 2.32
2-1 | 0.00338| 0.00715| 0.00453 2.11 1.34
2.75in x 4.0in 1-1 | 0.00431} 0.0140 | 0.00851 3.25 1.98
4.0in x 2.0in 1-1 | 0.00813| 0.01563{ 0.00909 1.92 1.12
2-1 | 0.0090k | 0.01315 - 1.k6 -
3-1 | 0.00418] 0.00585| 0.0048T 1.40 1.16

2.0in X h.Oin 1-1 0.00813 0001063 0.«)869 1-31 1007
1-3 | 0.00418] 0.00506 ] 0.00420 1.21 1.01
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4.6 Sumary

The modal damping of the experimental panels has been measured in zero
airflow conditions, using discrete frequency excitation and the amplitude
response method. The response amplitude-phase method was found to be un-
suitable for the experimental conditions. The panel damping was measured
under free field conditions, and under conditions for which one or both of
the faces of the pgnels vere enclosed. In many cases the damping was reduced
by the presence of the enclosure, but in all conditions the damping was light,
with loss factors in the range 0.0017 v, £ 0.012. The change in damping
due to the presence of an enclosure was attributed to the decrease in acoustic
radiation, and hence in acoustic damping, because of the reverberant conditions
in the enclosure. A method was proposed for estimating the experimental
error arising from the presence of off-resonasnt vibration in multi-degree of
freedom systems, but themethod was crude and gave only an indication of the

magnitude of error.

In the presence of an airflow, random techniques can be used to measure
modal damping, the choice of method being determined by the avaiiable
analysing equipment and the experimental conditions. The damping can be
estimated from the bandwidth of the resonant peaks in the response spectra
if suitable filters are available. Alternatively the loss factor can be
estimated from the excitation-response cross pover spectrum, but corrections
for truncation errors will be necessary if the spectrum is obtained by
transformation of the cross correlation coefficient. Both of the above
methods were found to be inaccurate in the experimental conditions of the
present investigation and the autocorrelation decay method vas used. This
method can be applied to only a limited number of modes, vhere the nmatural
frequencies are vell spaced, the damping is light, and the resonant peak is
not small relative to the neighbouring pesks. The results shoved a general
increase in modal damping in the presence of an airflow, the damping for the
square panel being greatest at a flow speed of ShOft/sec., vhilst the dsmping
for the rectangular panels was greatest at a flov speed of 329ft/sec. The
largest changes in damping occurred in the (1-1) mode of each panel.
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CHAPTER 5

Measured Response to Boundary Layer Excitation

5.1 Introduction

5.1.1 Method of Presentation of Results

Y SN e

The four panels used in the experimental programme have been described
in Chapter 3. One panel was of square planform bui the other three were
rectangular in shape and could be placed in the wall of the tunnel working
section so that the major axis was either parallel or perpendicular to the
direction of the airflow. Thus each rectangular panel could be used effectively
as two panels, one with aspect ratio Ll/L3 greater than unity and one with an

aspect ratio less than unity. For ease of reference, the panels will be

s i S ARG O S

denoted by the planform dimensions, the first dimension quoted being that in
the flow direction. Thus the 4.0in x 2.0in panel is placed with the 4.0inch
sides parallel to the flow direction, and the 2.0in x 4.0in panel has the
2.0inch sides parallel to the flow. The full range of experimental panels
is shown in Table 5.1 in order of increasing aspect ratio.

In the theoretical investigation the mode order (m-n) refers to a mode
having m half-vavelengths in a direction parallel to the airflov and n half-
vavelengths perpendicular to the flow. This notation will be used again and
it should be noted that, for exsmple, the (1-2) mode of the L.0in x 2.0in panel
is physically the same mode ss the(2-1) mode of the 2.0in x 4.0in panel.

Rectangular Cartesian co-ordinate axes vere chosen as shown in Pigure 5.1
with the unlisturbed neutral piane of the panel lying ir *he (x,,x,) co-
ordinate plane, and the tunnel airflov in the negative x, direction. A probe

: position which vas one quarter of the way along a panel diagonal was chosen
% for most of the vibration r~asurements, but supplementary measurements vere
é made at other positions. When the rectangular panels vere used, vidbration
measurements vere usually made at the same physical positions on the panel

=110=




Table 5.1 )
: Dimensions of the Experimental Panels
, Panel Planform Dimensions ABPECt Ratio
: l/L3
{ 1 1.0in x 4.0in 0.25
¥
2 2.0in x 4.0in 0.50
3 2.75in x 4.0in 0.6875
4 3.5in x 3.5in 1.00
5 4.0in x 2.75in 1.4545
6 4,0in x 2.0in 2.00
 { 4.0in x 1.0in k.00
H
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surface for the two aspect ratio cases. Thus, measuring positions were
chosen as shown in Figure 5.1, to minimise the effect of any asymmetry in

the panel vibrational characteristics.

The panel response is expressed directly in terms of the root mean
square (r.m.s) displacement and the displacement power spectral density Gd(f),
or it is expressed in terms of the response to unit excitation when it is
desirable to exclude the effect of the excitation power spectral density.

In the latter case the displacement power spectral density at a frequency f
is divided by the excitation pressure power spectral density for the seame
frequency f, to give the ratio Gd(f)/Gp(f). The power spectral density
functions G,(f) and Gp(f) are the single sided functions (0gfged which are

measured in practice (see Section A.3.2).

5.1.2 Errors due to Theoretical Assumptions

The measured panel natural frequencies and mode shapes in Appendix C
indicate that the experimental panels have boundary conditions which are
intermediate betveen those of simply supported and fully fixed panels, but
vhich approach the conditions associated with a fully fixed panel. In the
theoretical analysis it has been assumed that the mode shapes could be
represented by those associated wvith a simply supported panel, although the
measured natural frequencies and modal damping applicable to the fully fixed
panels vere used. Before the theoretical and experimental results are
compared, the effect of the above assumption on the displacement pover
spectral density function can be discussed by comparing theoretical results
for simply supported and fully fixed panels. The theoretical comparison
vill include only the effect of the mode shape, and vill not include the
natural frequenciee associated vith simply supported and fully fixed modes
of vidbration.

The mode shapes will influence the displacement pover spectral density
function in equat on (2.45) through three terms: the generalised mass M ;
the panel acceptance Jos(“)‘ and the modal displacement ¥(x) at the position
X considered on the panel. The generalised mass and the acceptance depend
on the integrated effect of the m~.le shape over the panel surface, and their
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influence is independent of the position on the panel. In Section 2.3.3 the
generalised mass for a simply supported panel is shown to be greater than

that for a fully fixed panel, and in equation (2.45) M, appears in the
denominator of the displacement power spectral density function. Thus the
use of simply supported mode shapes in the determination of the generalised
mass will reduce the displacement power spectral density function by a factor
of 2.1 for the (1-1) mode, the factor falling to a value of 1.7 for the higher

order modes.

The joint acceptance terms, also, are larger for simply supported mode
shapes than for fully fixed mode shapes, and Bozich (1964) has shown that
for some conditions of acoustic excitation the difference is a factor of 2,
approximately. However, the changes in M, and JaB(m) will act in opposition
in the response function of equation (2.45), so that the combined effect
should exhibit only a small variation with panel boundary conditions.

The effect of the w(i) term will depend on the location x of the point
of interest, and a ccmparisoﬁ between simply supported and fully fixed modes
is available directly from Figures C.2 to C.4. For some positions the simply
supported mode shape will give larger deflections than the fully fixed modes,
vhereas the converse will be true at other positions. It is seen that the
choice of mode shape vill be important when x is chosen to lie on, or close
to, & nodal line of one of the mode shapes. When the displacement is
estimated for the quarter point of the diagonal, the point of interest lies
on a nodal line of the simply supported modes for which m or n is equal to 4,
and theoretical estimates vwill predict a zsero displacement in these modes.
Use of fully fixed mode shapes vould give a non-gsero response, vhich is in
better agreement vith experiment (FPigure 5.9). For this position on the
panel surface, the term 0:(5) for a simply supported panel exceeds that for
a fully fixed panel by a factor of approximately 2.7 for the (1-1) mode,

1.2 for the (2-2) mode, 0.4 for the (3-3) mode and 6.6 for the (5-1) mode.
In particular, the results for panels 3 and 5 shov a large difference
between the theoretical and measured spectral densities in the S"h order

aoces.
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From the above discussion it is seen that the effect of mode shape on
the penel displacement power spectral density function arises mainly from
the odal displacement wa(E) for the position x considered, but an
additional contribution due to the net effect of the acceptance and generalised

mass terms will be present also.

The mean measured natural frequencies in Table C.2 were used in the

calculation of the theoretical spectra, but in some cases the measured and
predicted resonant peaks are displaced slightly in the frequency domain.

This shift is of little significance because the panel natural frequencies

3

%
;
3
4

changed slightly with ambient temperature. Zero airflow damping has been
used in the prediction of the displacement spectra and in the estimation of the

SR

resolution loss due to the finite filter bandwidth, except for the (1-1) and
(1-2) modes of panel 3 and the (1-1) and (2-1) modes of panel 5 where mean

damping values measured in the presence of the airflow were used. A com-

T Y R LA Y

parison of theoretical and measured spectra will show the relative shapes of

the spectra in terms of the relative importance of the modes of vibration,

and will not be concerned with the frequencies of the peaks in the theoretical

and experimental spectra.

: The theoretical spectra include data at the panel natural frequencies,

o . S i A

and in some cases at the spectral troughs (Figure 5.8), to show the effect
of including the cross terms in the calculation of the panel response. For
the panels investigated it is seen that the cross terms have a negligible

effect, and they have been excluded from the general comparisons between the

theoretical and measured results.

: 5.2 Root Mean Square Displacement 5

5.2.1 Overall Displacement

The determination of the panel overall and modal r.m.s. displacements
4§ at the probe measuring positions is discussed in Appendir D, theoretical and

d experimental modal displacements being presented in detail in Tables D.1 to
D.8 for measuring positions at a quarter point on a panel diagonal. The
overall r.m.s. displacements associated with these measuring positions are

CPEBRSIEAEG T, s

shown in Figure 5.2, the experimental values being determined directly from
¢
;
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the measurements, and the theoretical values by summation over the lower
order modes. Data for the 1.0in x 4.0in and 4.0in x 1.0in panels have
been omitted because the levels were found to be very low and were affected
by background vibration. It is seen from the figure that in all cases the
predicted displacement exceeds the measured value, but the experimental and
theoretical results show similar variations with the boundary layer thickness.
The largest measured response shown in the results is an r.m.s. displacement
of 1.45 x lO-hinch for the square panel (4). This displacement is approxi-

mately 1% of the panel thickness.

In Figure 5.2(a) the theoretical end experimental results for panel 2
(2.0in x 4.0in) and panel 6 (4.0in x 2.0in) show that at the lower Mach
numter, Mo=0.3, the vibration levels are greater in panel 2 than in panel 6,
but the converse is true at the higher Mach number. This effect is present
in the results for panels 3 and 5 in Figure 5.2(b), but it is less marked

because the panel aspect ratios are closer to unity.

5.2.2 Modal Displacement

Modal r.m.s. displacement: have bcen measured for the experimental
panels, an approximation to tlie respunse in the irdividual modes being
obtained by the use of 2% baniwidth filters in the analysis of the displace-
ment signals. The recults are compared in the Tables D.1 to D.8 with
theoretical values prr.dicted by .he method shown in Appendix D. Typical
results for panels 2,4 and 6, ari & Mach number M_=0.3, are shown in
Figures 5.3 and $.4 where it is seen that, although the theory overestimates
the magnitude of the measured response, it provides a reliable estimate of
the variastion of response with boundary layer thickness. The results shov
that there is a general increase in the modal r.m.s. displacement with
boundary layer thickness until a maximum displacement is reached at a
boundary layer thickness vhich depends on the mode order. Further
increases in the boundary layer thickness will result in a decrease of the
model r.m.s. displacement. Inspection of the results shows that, as the
boundary layer increases in thickness, the modal maxima occur first in the
modes with the highest natural frequencies, and at the lawer flov veloeity.
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Thus the phenomenon can be attributed, at least in part, to the concentration
of excitational energy at lower frequencies as the boundary layer thickness
increases. Figure A.2 shows that, at the lower Mach number, the excitetion
spectraldensity at a given frequency in the range 2,000 c.p.s. to 3,070 c.p.s.
reaches a maximum at a boundary layer thickness in the experimental range.
Thus modes with natural frequencies in this range could be expected to have

associated displacement maxima. A more detailed investigation of the

effect of boundary layer thickness will be postponed until Section 5.4, when

the effect of excitation spectral density can be excluded if necessary.

The presence of a maximum displacement is not indicated in the total
response results in Figure 5.2, except in the case of panel 6, for a flow

speed M =0.3.  The variation of the total response with boundary layer

modes. In Figures 5.3 and 5.4 the dominant modes of panels 2 and 4 do not

{
{
' thickness will be determined by the corresponding variation of the dominant
!
{

have a displacement meximum in the range of boundary layer thicknesses
considered, and this is reproduced in the total results in Figure 5.2.
However the results for panel 6 in Figure 5.4 show that the dominant modes
are approaching maximum displacement values at the upper limit of the
boundary layer thickness range considered. This is particularly true for
the experimental results, and the associated total response in rigure 5.2

o e~

indicates the presence of a displacement maximum at the thicke» boundary

layers considered.

5.3 Displacement Spectra

A series of measured response spectra are shown for oenels 2 to $ in

o AR st o

Figures 5.5 to 5.9 respectively. The measircment; vere vade a: a flow
velocity of U°-329ft/aec (MO-O.3) and a boundary layer thicknesc of

8 = 1.hinches, the probe position being »t e quarter poin“ na the panel

: diagonal. The response spectral density is expressed ir terms of the

E displacement to unit excitation, and the peak valnes have bern corrested

for resolution loss due to the finite bandwidth of the analysing filters
(Appendix B). The effect of the rilters is negligible except in the
regions very close to the aatural frequencies. Tn each figure the measured
spectrum is compared with the corresponding theoretical spectrum estimated
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from equation (2.45), using joint acceptance terms only. The natural
frequencies in the theoretical speetra were teken as the mean values

from the measured spectra and are given in Table C.2.

A comparison of the theoretical and experimental spectra shows that
the shapes are similar, in terms of the relative importance of the normal
modes, but the theory overestimates the peek values and underestimates the
values in the troughs. However, close agreement of the magnitude of the
spectral density is not expected because of the errors and assumptions
present in the experimental and theoretical analysis. In addition to the
errors in the theoretical analysis which are discussed in Section 5.1.2,
experimental errors occur because of the experimental scatter inherent in
random analysis, and because of errors in the measurement of the damping

ratios and in the estimation of the resolution loss.

The best agreement between theory and experiment is found in the results
for panels 2, 4 and 6. In the case of panels 3 and 5 the agreement is good
at the two lowest natural frequencies where damping values measured in the
presence of the airflow were used, but is less good at higher frequencies
where zero airflow damping was used in the calculations.

When the spectra for panels 2 and 3 are compared with the results for
panels 5 and/6, the relative importance of the modes is obvious. The
theoretical and experimental spectra for the 2.0in x 4.0in and 2.75in x 4.0in

panels show that the greatest response at the measuring position occurs in
the (1-1) fundamental mode, but the (2-1) mode is predominant in the .
4.0in x 2.75in and 4.0in x 2.0in panels. This change in relative magnitude .
is more noticeable vhen comparing the (2-1) and (1-3) modes of panel 3 with

the (1-2) and (3-1) modes of panel 5. These modes have very close natural
frequencies and, because of filter effects, the presence of the secondary
peak is observed only as a distortion in the shape of the measured primary
peak. In Figure 5.6 the response in the (2-1) mode is an order of magnitude
greater than that in the (1-3) mode, but in Pigure 5.8 the (3-1) mode peak
is ccnsiderably greater than the (1-2) mode peak. Direct comparisons of
spectra for the above four panels have been presented by Wilby (1964) and
Wilby and Richards (1965).
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Response spectra for the 1.0in x 4.0in and 4.0in x 1.0in panels are
shown in Figure 5.10 but, because of the high natural frequencies and Jow
response, little information can be deduced from the figure. Also the
results are influenced by the presence of background vibration. However,
it can be seen that ine experimental and theoretical response in the
fundamental mode is much smaller in the case of the 4.0in x 1.0in panel

then it is for the 1.0in x L4.0in panel.

In Figures 5.11 to 5.13 response spectra are presented for panels 3,
4 and 5, with an airflow velocity of S5uOft/sec. The spectra are again
shown in terms of the response to unit excitation so that a comparison of
the results for the two flow speeds in Figures 5.6 to 5.8 and Figures 5.11
to 5.13 will not include the effect of changes in excitation spectral
density. The comparison will show only the effect of the acceptance
curves and, for the two lowest frequency modes of the 4.0in x 2.75in and
2.75in x 4.0in panels, the effect of modal damping. The agreement between
theory and experiment at a flow speed of 540ft/sec is not as good as at
the lower speed but there is still fairly good agreement in the relative
shapes of the spectra. Figures 5.11 and 5.13 show changes in the relative
magnitudes of the modes which are similar to those observed between

Figures 5.6 and 5.8.

When results for the two airspeeds are compared it is seen that the
theoretical and measured high frequency response increases more rapidly
with air velocity than does the low frequency response. Thus at the
higher speed the fall-off of the response spectra with increasing frequency
is less rapid than at the lower speed. This change in spectrum shape
becomes more obvious when the direct response spectra are compared, as
in Figure 5.14 for panel 5, vhere changes in excitation spectral density
(see Figure A.2) further emphasise the changes in the shape of the response
spectra. Figure A.2 shows that for the higher flow velocity there is
relatively more excitational energy at the higher frequencies. Further
discussion of the effect of airflow velocity on the panel response at the

natural frequencies is contained in Section 5.5.

The effect of boundary layer thicknees on the shape of the response
spectra is not illustrated in this chapter but spectra have been compared
by Wilby and Richards (1965) for the 3.5in x 3.5in panel. At the lower
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frequencies there is a general increase in the response, due to the change
in the excitation spectral density and in the panel joint acceptance. The
trend can be reversed, however, at the higher frequencies. 1In the

following section the effect of boundary layer thickness on the modal

response at the panel natural frequencies will be investigated.

5.4 Effect of Boundary Layer Thickness

It has been shown in the previous section that the measured and
predicted spectra are similar in shape, and it is possible now to study
in greater detail the effect of boundary layer thickness on the panel
response. In Appendix D and Section 5.2.2 measured and predicted modal
r.m.s. displacements are presented and the effect of boundary layer thickness
is shown in Figures 5.3 and S5.4. Similar comparisons can be made when the
displacement spectral density at the panel natural frequencies is considered,
and the response can be associated with the excitation power spectral density
and cross correlation functions at the corresponding frequencies. In the
case of the r.m.s. displacement the response can be associated with the same
excitation functions, if it is assumed that the r.m.s. displacement is due
mainly to the response in the neighbourhood of the modal natural frequency.

This assumption was used in the estimation of the r.m.s. displacement from
the displacement spectral density in Section D.2. The choice of r.m.s.

displacement or displacement spectral density as the function of interest
will have little effect on the conclusions to be drawn, but any errors
present in the r.m.s. displacement comparison will be magnified in the gé
displacement spectral density function. However the latter function can E
be related directly to the spectra in Figures 5.5 to 5.1 and, therefore, i
hes been chosen for investigation. If necessary the effect of flow i
velocity and boundary layer thickness on the r.m.s. displacement can be
studied from the data available in Tables D.l to D.8.

Figure 5.15 shovs the measured spectral density Gd(f) at the natural
frequencies of the (1-1), (1-2), (2-1) and (2-2) modes of the 3.5in x 3.5in
panel, for four boundary layer thicknesses along the tunnel working section.
The measurements are compared with theoretical curves calculated from
equation (2.45) when the cross terms, a¥f , are neglected.
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The estimated values exceed the measured values throughout the range of
boundary lasyer thickness, but the variation of response with boundary

' layer thickness is similar in the two cases. The data in the figure

can be compared with data in Figure 5.3 where the same information is
presented in terms of the r.m.s. displacement. The agreement betwzen
experiment and theory in Figure 5.15 ~ppcars to be worse than in Figure 5.3
but this is due mainly to the effective squaring of the information
presented in Figure 5.3. For the same reason the effect of boundary
layer thickness on the displacement power spectral density function sppears
to be stronger than the effect on the r.m.s. displacement.

Reasons for the discrepancies between theory and experiment have been
discussed in Section 5.1.2, and in future comparisons it will be of interest
to consider only the variation of the response with the various parameters.
To obtain a convenient comparison the measured values for a given mode and
measuring position can be multiplied by an arbitrary factor so that the
experimental points are superposed on the theoretical curve. The factor,
which is the mean ratio of the theoretical power spectral density to the
measured spectral density, will indicate the extent by which the predicted
values exceed the measured results.

On the above basis a comparison of the theoretical and experimental results
is shown in Figures 5.16 to 5.20 for panels 2 to 6, and a flov velocity of
329ft/sec. The results are presented directly in terms of the displacement
pover spectral demsity function G4(f), and include the effect of changes in
excitation power spectral density with boundary layer thickness. The
measurements shov a certain amount of experimental scatter but in general
the effect of the boundary layer thickness is predicted well for all panels.
The principal exceptions are the (1-1) modes of panels 5 and 6, where the
measured rate of change of response with boundary layer thickness is greater
than that predicted. Pigures 5.21 to 5.23 contain similar data for panels 3
to 5, and & flow velocity of 54Oft/sec. The experimental scatter is greater
than at the lover speed but the results again show similar trends for the
measurements and estimstes. The (1-1) mode of the 4.0in x 2.75in panel
exhibits the divergence betveen theory and experiment which was shown at
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U°=329ft/sec., and a similar divergence is observed in the results for *he
(1-1) mode of the 3.5in x 3.5in panel.

The ratio of the predicted to measured displacement power spectral
densities at the panel natural frequencies is shown in Table 5.2, the
measured values having been corrected for resolution loss, and the theoretical
values calculated using zero airflow damping unless otherwise indicated. The
theoretical spectral densities were estimated using joint terms only, but it
has been shown that the error due to this simplification is negligible. For
reasons given earlier, close ggreement cannot be expected for the magnitudes of
the theoretical and experimental displacement power spectral densities, and
Table 5.2 indicates the extent of the discrepancy. The results in the table
do not follow a consistent pattern but in 65% of the cases the factor is
less than 5. This result is similar to that of section D.3, that the ratio
of theoretical to measured modal r.m.s. displacement was mainly in the range
1.0 to 2.0. There is close agreement between theory and experiment for the
3.5in x 3.5in panel at a flow velocity of 329ft/sec., but there is a general
increase in the ratio at the higher velocity. A similar trend with velocity
is observed for the 2.75in x 4.0in panel but not for the 4.0in x 2.75in panel.
When damping measured in the presence of the airflow is used for modes (1-1)
and (2-1) of panel 5 and modes (1-1) and (1-2) of panel 3, the agreement
between experiment and theory is much closer. Large differences between
predicted and measured results for other modes of panels 3 and 5 may be
influenced by changes in modal damping with airspeed.

Considering now the response to unit excitation, experimental and
theoretical results for several modes, and both airflow velocities, are
presented in Figure 5.24 for panel b and Figure 5.25 for panel 5. The
experimental values are multiplied by the factors obtained from Table 5.2.
The rate of change of response with boundary layer thickness is generally
less than in the previous figures vhere the rate of change vas amplified
by the effect of the excitation power spectral density function. The
experimental scatter has now became more significent, in terms of the total
change in response for the boundary layer thickness range considered, but
the measured and predicted results again shov similar dependencies on
boundary layer thickness.
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In Chapter 2 the longitudinal joint acceptance terms are shown to have

PN B it

one of two alternative forms, the choice of form being determined by the

» »
value of the Strouhal number %2- . When %E—‘3_0.37, the excitation longi-
c

c
tudinal narrow band cross correlation coefficient is independent of the

S s Bl

boundary layer thickness § (-r displacement thickness &*) except indirectly

»
through the convection velocity U, (equation (A.16)), and when'%g- < 0.37,

c
6* is present in the correlation exponential decay term (equation (A.11)).

e Lt

In Figure 5.26 the regions of validity for the two forms of excitation

é correlation function are shown in relation to the modes of panels 4, 5 and 6.
H '

' For a given measuring position, the condition-%é-lg 0.37 is satisfied at

e .
the natural frequencies of all the modes shown above the associated horizontal

*
broken line. The condition-%é— < 0.37 is satisfied at the lowest natural

frequencies of panels 4 and 5 %or all experimental conditions but at higher
frequencies the condition~%§: > 0.37 is satisfied in certain conditioms.

The variation of modal response with boundary layer thickness can now be
investigated with reference to Figure 5.26 and the non-dimensional curves in
Chapter 2. Values of the non-dimensional parameter Ll/ » averaged over the
four boundary layer thicknesses in the experimental raugg, are given in
Table 5.3 for frequencies f = fon The variation of Ll/c wvith § is approxi-
mately +1.5% about the mean value for the (1-1) mode, increasing to +6%
at the highest natural frequencies considered.

For panel L, it is seen from Figure 5.26 that at the natural frequencies
wd®

of the (1-2) and (2-1) modes o < 0,37 for all the measuring conditions.
Thus the change in spectral density vith boundary layer thickness is a
combination of the change in the longitudinal joint acceptance as shown in
Figures 2.6 and 2.7, and the change in the lateral joint scceptance in
Figure 2.16. Considering the (1-2) mode, the longitudinal joint acceptance
g Jmm(u) increases as &* increases, vhen N =0.5 (L’/‘- 2.45), and decreases as
g §* increases vhen M_=0.3 (Ll/§. 4.10). In the lateral direction J;n(u)
' increases by spproximately the same amount as 5* increases at the two airspeeds,
Thus the combined effect of Jm(u) - j-(u) L3 M (w) shows an increase in
response vith boundarylayer thickness at the higher speed, and essentially

no change at the lover speed vhere the increase in j;n(u) is cancelled by
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the decrease in jmm(m). The measurements shcw response variations with
boundary layer thickness which are closely similar to the predicted
variations. In the case of the (3-2) mode, Eé:-< 0.3/ at the first

three measuring positions for M —0 5, but only ‘at the first posivion for
M _=0.3. From Figures 2. 8 and 2. 13, J (¢) and J (w) both increase with
5* at M =0.5 (L1/c, 5.10). When M =o 3 (LI/;= 8. 66) don (w) shows an
increase with §* but, from Figure 2 1 and m=3, the change in Uc with &%
results in a decrease of jmm(m) waich exceeds the increase in j;n(w). Thus
the combined effect results in an increase in modal responce with boundary
layer thickness at a flow speed of 540ft/sec., but there is a decrease in
response as the boundary layer thickness increases at a flow speed of
329ft/sec. Again, the variation in the measured results is in agreement
with the predictions.

In Figure 5.25, containing the resuits for panel 5, the natural
frequency of mode (1-3) satisfies the ccndition~%§:.1_0.37 for most measuring
conditions, and the theoretical and experaimeatal gesulta indicate that the
response has a similar dependence on boundary layer thickness at both airflow
velocities. From Figures 2.1 and 2.7 it is seen that jin(") decreases as
§* increases, and j;n (w) increases with &*, the changes ar each Mach number
being approximately the same.

Arguments similar to the above can be repeated for other modes and in

® ]

all cases, regardless of vhether '-,-6- > 0.37 or -36-
response variations with boundary iwer thickness vhich are similar to the

aeasured changes.

5.5 Bffect of Flow Velocity

The flov velocity will influence the panel response through the pressure
pover spectral density function, the prescur§ narrov band correlation length
and the parrov band cross correlation decay. When an increase in flow
velocity is achieved for constant dynsaic pressure, the total energy of -
excitation vill remain constant but there vill be a redistribution of energy .
in the frequency domain, the distridbution deing made over a wider frequency
range as is the case vhen the boundary layer thickness is decreased. However,
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if, as is generally irue, there is an increase in dynamic pressure

associated with the velocity incresse, then there will also be a general

rise in the pressure power spectral density. |
i

The pressure narrow band correlation length is directly proportional .
to the convection velocity and so will increase with the free stream velocity. ' H
This implies that, when the flow velocity is increased, the excitation wave-
length vhich is associated with a frequency w by a fixed observer must
increase also. Thus at a giver instant in time the pressure field is
correlated over a larger area for the higher flow velocity. Also the
increase in flow velocity will decrease the cross correlation decay rate !

in the Strouhal number regions where this is inversely proportional to the

. . .
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convection velocity. |

The response of the experimental panels to boundary layer excitation was
measured for two flow velocities, UO=329ftfsec. and S40 ft/sec. The
measurements were restricted to these two velocities by the design of the

boundary layer wind tunnel and alchough some conclusions can be drawn from

ANV R

the experimental results, it is not possible to predict with confidence
the general trend of the measurements with flow velocity. A change in flow

velocity can affect the panel response in several ways. The excitation

R N T L T TR

pover spectral density at a given frequency will change with flow velocity,
and the change in the pressure field convection velocity will affect the
% ‘ excitation correlation function and the acceptance terms. The change in

flow velocity mey also affect the panel damping.

: ¢ When the measured displacement spectra were compared in Figure 5.1b
E . it was shown that there was a general increase in vibration when the flow
velocity was iacreased. If the vibration is expressed in terms of the
response to unit excitaiion, Figures 5.24 and 5.25, there is still an in-
crease with flow velocity, except for certain modes or boundary layer

BT TR S iy

thickness ranges. The preceding discussion has shown, also, that the
: theory overestimates the magnitude of the panel response, and that the
extent of the overestimation, shown in Table 5.2 is different at the two
From table 5.2 1t cci be deduced that the variation of

3 Mach numbers.
response with flow velocity, predicted from the theoretical analysis,
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differs from that measured in practice.

In Figures 5.27 to 5.29 the displacement power spectral density at
the natural frequencies of several panel modes is expressed as the ratio
of the response at Mach number M°=0.5 to the response at M°=O.3. Thus
a ratio greater than unity indicates an increase in the displacement
pover spectral density function Gd(f) with velocity, the effect of a
change in excitation power spectral density being included. The results
in Figures 5.27 to 5.29 show that, theoretically and experimentally, the
ratio, and hence the effect of the flow velocity, increases with mode
oruer. For example, the measured response ratios for panel 4 are
approximately 1.2 in the (1-1) mode, 2.5 in the (2-2) mode and 120 in
the {3-3) mcde, the theoretical values being 4.0, 5.5 and 4O respectively.
One reason for this change with mode order or frequency is the variation,
particularly at the higher frequencies, of the excitation power spectral

density function with velocity. This is shown in Figure A.2.

The form of presentationused in Figures 5.2T7 to 5.29 is very
susceptible to experimental error, the error in the measurements being
the combined error of the results at the two Mach numbers. Thus the
scatter in the experimental results in the three figures is large.
"Average" curves have been drawn through the measured data, the curves
being based on the theoretical results multiplied by the corresponding
factors in Table 5.2. The figures do not show very good agreement between

the predicted and measured variation with Mach number. This may be due §5
partly to changes in panel damping when the airflow velocity changes. In :
the calculation of the response, zero airflow damping was assumed for all
the modes except the (1-1) and (2-1) modes of the L4.0in x 2.75in panel
and the (1-1) and (1-2) modes of the 2.75in x 4.0in panel. In the
measurement of the modal damping there was experimental scatter of
approximately +25% and changes of this order vith Mach number were not
considered significant. However, such changes result in errors of +60%
in the displacement power spectral density, errors vwhich are of a similar
magnitude to the differences between theory and experiment shown for
geveral modes in Figures 527to 5.29.
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In addition to the possibility of errors of the above nature, there
appears to be a general divergence of results es the natural frequency
increases. At low natural frequencies the theory predicts a greater
change with Mach number than is measured, whilst the converse is true at
higher natural frequencies. Thus the measured change in spectrum shape
with flow velocity, illustrated in Figure 5.1k, is more pronounced than
would be predicted. From the available data it is possible to estimate the
approximate frequency below which the theory overestimates the vibration
and asbove which the theory underestimates the vibration. The results
indicate that the frequency boundary decreases as the panel aspect ratio
increases, the frequency being, approximately, 2,700 c.p.s. for panel 3,
1,900 e.p.s. for panel 4, and 1,500 c.p.s. for panel 5. Recently,
Maestrello (1966) has published experimental and theoretical data for a
panel of aspect ratio 5.54, and for the modes shown the experimental
results have a much larger variation with Mach number than do the theoretical
results. The panel aspect ratio is approximately four times larger'than
that for panel 5, so that the present resul:s and those of Maestrello are

not inconsistent.

t ‘ 5.6 Angle of Convection

The effect of the angle of convection of the pressure field has been
discussed theoretically in Chapter 2 and it was shown that, for a given H
value of Ll/;, the displacement spectral density in certain modes would be
higher at angles in the range 0°<6<90° than at the limiting angles 6=0° and
90°.  Thus, vibration measurements were carried out on the 4.0in x 2.75in ‘

Cl

panel, for a flow velocity of 329 ft/sec., & boundary layer thickness of
1.40 inches, and a series of angles of inclination of the major axis to the

3 ; direction of flow in the boundary layer tunnel. The results are shown in
Pigure 5.30, vhere they have been multiplied by arbitrary factors to provide
convenient comparisons with the predicted variation vith angle of convection,
the angle 9=0° indicating that the flov is parallel to the panel major axis.

The theoretical curves were calculated from equations (2.93), with q
1 . = 97}-1-! and . = 9_"772-2‘9. , Gnd are shown in terms of the panel joint ‘
¢ (]
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‘acceptance. The values of a, and a; used in the calculations assume that

the condition %51,; 0.37 is valid for all the modes, and that the simplified
form of the lateral cross correlation coefficient is valid also. The
errors arising from these assumptions should not be large for the conditions
considered. From Figure 5.26 it is seen that for all modes of panel 5,

*
except the (1-1) and (2-1) modes, Clid > 0.37 at the panel position chosen.

Ue
In the lateral direction the non-dimensional parameters have to be considered
in greater detail but it can be shown from Figures 2.16 and 2.17 that the
differences in joint acceptance terms for the simplified and complete forms

of the excitation correlation coefficient are small.

In general Figure 5.30 shows that predicted and measured spectral
densities have a similar dependency on the angle of convection of the
pressure field. Modes (1-1), (2-1), (2-2) and (3-1) have the largest
response at either 6s0° or 90°. Modes (k-1) and (4-2), however, have a
maximum value at an intermediate value of 8. In the case of the (l-1)
mode, the maximum of the experimental results occurs at a much higher angle
than predicted, but inspection of the non-dimensional curves shows that in
this mode and for values of Ll/c in the neighbourhood of the value considered
small changes of Ll/c can produce large changes in the angle for maximum
response. It is noted however that the estimated and measured results differ
in one aspect. For modes with order n=l along the minor axis the theory
predicts a larger variation of response with 6 than that shown in the

measurements, whilst for modes with n®2 the converse is true.

5.7 Effect of Static Pressure Differential

Under normal operating conditions the static pressure in the boundary
layer wind tunnel working section is below atmospheri: pressure, but a
pressure equalising system, described in Chapter 3, was used to balance
the pressure across the experimental panels. However, conditions in the
equalising box could be maintained at any desired pressure between the
limiting values of atmospheric and tunnel pressure. Thus the panel
vibration could be measured over a range of static pressure differentials.

When a panel is subjected to a static pressure differential there is an
associated increase in the effective stiffness of the system which can
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affect the panel response in three ways. For any loading distribution,
there will be an increase in panel stiffness which will decrease the
panel deflection to a given load. In addition, when the response
spectrum is considered, there will be changes in spectrum shape due to
the increase in the panel natural frequehcies. When the excitation
spectral density changes with frequency, the excitation and response at
& natural frequency will vary with the natural frequency. Also, when
the excitation is randomly distributed in space, as in the case of a
turbulent boundary layer pressure field, and the static pressure differential
is altered, there will be changes on the acceptance terms at the natural
frequencies. It is possible to separate these three effects in the

analysis of the experimental results.

The effect of static pressure differential Ap on the response spectra
for two panels is shown in Figure 5.31 and 5.32 for a Mach number of 0.5
and a boundary layer thickness of 0.43 inch. The spectra are shown for
the limiting values of the pressure differential, the maximum value at the
Mach number being approximately 2.41b/in2. No corrections have been
applied for resolution loss. The increases of the natural frequencies
with pressure differential are clearly shown, and there is a general
decrease in the displacement power spectral density.

The variation of the natural frequencies with the pressure differential
is shown in Figures 5.33 and 5.34 for the two panels, the frequencies for
the 3.5in x 3.5in panel being measured at two panel positions in the tunnel
vorking section. Within the pressure differential range shown there is a
linear increase of the natural frequency of each mode with pressure
differential, the rate of change being greatest for the lowest order modes.
The 3.5in x 3.5in panel has a frequency rate of change of 10 c.p.s/1b/in?
for the (1-1) mode, decreasing to a rate of 80 c.p.s./1b/in? for the (3-3)
mode.

The experimentally determined patural frequencies in Figures 5.33 and
5.34 can be used to predict the effect of a static pressure differential
on the random vibration of the.panels. The response was calculated from
equation (2.45), in terms of the displacement for unit excitation so that
the effect of the excitation spectral density could be eliminated. It
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was assumed that the cross terms in equation (2.45) could be neglected,
end that the damping was constant for each mode. This latter assumption
may be invalid in certain cases, for example for the (1-1) mode of the
4.0in x 2.75in panel, where the effect of the pressure equalising system
on the damping of the panel may vary significantly with frequency in the

neighbourhood of an acoustic resonance in the system. The vuriation of
the panel displacement power spectral density with pressure differential
is shown in Figures 5.35 and 5.36 at the natural frequencies of several
modes of the panels. To provide a comparison between the theoretical

and experimental values, the measured results have again been multiplied
by factors as in previous comparisons. It is seen that in some cases
there is a fairly large scatter in the experimental values, but this may be
due partly to changes in modal damping discussed above. In general the
predicted and measured values show similar dependencies on the static
pressure differential, the important exceptions being the fundamental (1-1)
modes of the panels where the predicted rate of change of spectral density

is greater than the measured value.

Figures 5.35 and 5.36 contain also a series of curves which show the

change in panel vibration under the asgsumption that the joint acceptance
remains constant. The curves represent the change in spectral density

due only to a change in panel stiffness, the displacement power spectral
density at the natural frequency being inversely proportional to the fourth
pover of the natural frequency. In most cases the differences between the
curves for variable and constant joint acceptance terms are small and

less than the experimental scatter, but for the previously noted exceptions
of the (1-1) modes, the curves for constant joint acceptance give the better
approximation to the measured rate of change of spectral density.

The changes in the joint acceptance terms can be studied by reference !
to the appropriate general curves in Chapter 2. When the pressure .;i
differential increases, the parameter Lllcnn, vhere ¢ is the excitation
correlation length associated with the (m-n) modal natural frequency, will
increase at a rate proportional to the change in the natural frequency.
The values of I‘l/c-n for Ap=0 are given in Table 5.3. Taking the (1-1)
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and (2-2) modes of the 3.5in x 3.5in penel as an example, it is seen from
Figures 5.26 that the condition~%§: < 0.37 is satisfied at all pressure
‘differentials. From Figures 2.2 and 2.16, the longitudinal joint
acceptance jl,l(w) and the lateral joint acceptance ji’l(w) decrease

in value as Ap increases. Thus the total predicted change of displacement
pover spectral density with pressure differential is greater than that due
to a stiffness change only. This is shown by the corresponding curves

in Pigure 5.35. In the case of the (2-2) mode, 52,2(w) shows a decrease
as the pressure differential increases (Figure 2.3) but jé’a(m) shows a
larger increase, the product 52’2(m).jé’2(m) being greater than unity.
Thus the combined effect of the joint acceptance and stiffness terms gives
a rate of change of spectral density which is less than that predicted on
a stiffness basis alone. However, for the pressure differential range
available and for the modes investigated, the changes in the panel joint
acceptance are small and the spectraldensity changes depend mainly on the
effective stiffness of the panel. In some early experiments, Bull, Wiiby
and Blackman (1963), it was shown that the static pressure differential
had a significant effect on a panel of 0.005 inch thickness but the panel
was damaged before the measurements could be concluded.

5.8 General Discussion

, In the comparison of theoretical and experimental results it was seen
th;t the theory overestimates the magnitude of the vibration, for reasons
already stated, but predicts with reasonable accuracy the variation of the
response with the parameters considered. However, there are one or two
exceptions to the general rule, and these occur mainly at lov mode orders.
In particular the (1-1) modes are found to experience the greatest divergence
betveen theory and experiment. This is not unexpected because the errors
due to the assumed mode shape will be most significant in the (1-1) mode.
It has been assumed that the difference betveen the joint acceptance terms
for siply supported and fully fixed modes remains constant when the
excitation parameters are varied, but this may not be valid for the low
order modes.




Errors may arise because of inadequacies in the representation of
the excitation pressure field. The response in the (1-1) mode will

depend, more than in any other mode, on the excitation cross correlation

measurements for large separation distances and low values of %5 » ranges
- e

vhere the experimental data is not very reliable. Further the assumption

for separability of the excitation narrow band cross correlation coefficient

in the x; and x3 directions,
Ipp(51:€3373“’)' = 'DP(E]_,O,T;w)' . Ipp(os£3sri“’)l

is not well substantiated in the low frequency range. However, in spite
3 of the possible sources of error, the theory gives a good approximation of

the response variation in the fundamental modes.

The divergence between theory and experiment is more difficult to

] explain when considering the effect of flow velocity. In this case the
most important change in the excitation cross correlation coefficient

will probably be that associated with the correlation length Z, which is
directly proportional to the convection velocity. Inspection of the
results suggests that the theory tends to overestimate the effect of flow
velocity when C1/¢ is in the neighbourhood of the coincidence value but
underestimates the effect when Ll/c is much greater than 2m, that is when
the convection velocity is well below that required for coincidence in the
mode considered. Unfortunately the limited amount of data prevents this
explanation trom being presented with much confidence, but the discrepancy
may be due to the different shapes of the joint acceptance curves for
simply supported and fully fixed modes.

§ 5 5.9 Summary

! The vibration of the experimental panels has been measured, in general
at a quarter point on a diagonal, and under all the experimental conditions
the total r.m.s. displacement at the measuring point did not exceed 1% of
the panel thickness. After making allovances for the position on the panel
surface and for the possible peak to r.m.s. displacement ratio, it could be
assumed that the vibration was essentially linear. Total and modal root

=133~

Py

.
R !
. .

PRSP M
e + i A A . -




mean square displacements show that the theory overestimates the response
at all boundary layer thicknesses and flow velocities, but predicts quite
accurately the variation of the response with boundary layer thickness.

Spectral analysis of the measurements, in the frequency range
300 - 3,000 c.p.s., showed that the measured and predicted displacement
pover spectra were similar in shape, although the predictions over-
estimated the spectral density at the panel natural frequencies. This
difference is explained partly by the assumption of simply supported
mode shapes in the theoretical analysis, but close agreement is not
expected in random vibration investigations. The theoretical results
predict with reasonable accuracy the relative importance of the modes,
the fundamental mode being the most important for panels with aspect
ratio less than unity and, at the diagonal quarter point position, the
mode of order (2-1) being predeminant for panels with aspect ratio equal

to or greater than unity.

Considering the panel respon;e at the penel natural frequencies,
the measured variation of displacement power spectral density with boundary
layer thickness was predicted closely by the theory. In general the
response increases with boundary layer thickness for the experimental
conditions, the change being due partly to the increase in excitation
pover spectral density for the frequency range of interest, and partly to
the change in the excitation correlation pattern. In the higher order
modes, a response maximum is reached at the boundary layer thickness at
which the excitation spectral density, for the frequency associated with
the mode, reaches a maximum. Further increases in the boundary layer
thickness cause a decrease in the modal response. When the effect of
the excitation spectral density was eliminated it was Bund that the change
in the excitation correlation pattern could produce either an increase or
a decrease in the panel displacement power spectral density function for
unit excitation, the rate of change of response being determired by the
values of the non-dimensional parameters L‘/‘ . I‘:"/c and Ll/6'. Thus some
modes showed an increase in Gd(f)lop(f) vith boundary layer thickness at
one Mach number and & decrease at the other Mach number. In all cases
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the rate of change of response to unit excitation with boundary layer thick-
ness were small, the estimated changes for the experimental conditions being

less than + 3dB for a two-fold increase in boundary layer thickness.

The response of the panels increased when the airflow velocity was
increased from 329ft/sec to 540ft/sec. Theoretically it was shown that
the change was due to an increase in the excitation power spectral density

and a change in the excitation correlation pattern. Considering the response

to unit excitation at the panel natural frequencies, measured and predicted
results showed an increase in response with Mach number for the majority

of the modes. However, there was a marked difference between the experi-
mental and theoretical results, because the theory predicted larger changes
with Mach number than those measured for the lower order modes, and smaller
changes than those measured for the higher order modes. Tentative explanations
of this discrepancy have been proposed but it was not possible to extend the
investigation because of the limited performance of the wind tunnel.

It has been shown theoretically in Chapter 2, using & simplified form
of the excitation and correlation function, that the response in certain
modes would be a maximum when the direction of convection 8 of the premure
field had a value in the range o°<e<9o°. whilst other modes would have a
meximum response at 6=0° or 90°. This has been confirmed by experiment at
a Mach nurber of 0.3, the direction of convection being changed by rotation
of the experimental panel. Thus the orientation of a structure relative
to the flow direction may be of importance in determining the response in :
certain frequency ranges.

The majority of the panel vibration measurements were made in the
absence of a static pressure differential across the panel. When a static
pressure differential, to a maximum of 2.41b/in?, was introduced there vas
an increase in the panel natural frequencies and a decrease in the displace-
ment power spectral density. It vas shown that, for the experimental
conditions, the change in panel response wac due mainly to the change in
effective stiffness of the structure, the changes in natural frequency |
causing only small changes in the associated excitation cross correlation .
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functions. However, when larger pressure differentials, or structures
with lower basic stiffness, are considered, changes in the joint

acceptance at the natural frequencies may become significant.
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CHAPTER 6

Measured Response to Acoustic Excitation

6.1 Introduction

When the vibrat‘ion of large scale structures is being investigated
it is often not possible to expose more than a small area of structure to
turbulent boundary layer excitation. Thus alternative forms of random
excitation are used, and it is necessary to be able to extrapolate the
experimental results to include the case of boundary layer excitation.

The experimental panels used in the present investigation could be exposed
to random acoustic excitation in the form of grazing incidence plane waves
in a siren tumnel, or inclined plane waves in the far field of a small cold
air jet, and the results could be compared with those for boundary layer
excitation. Initial measurements, presented by Bull, Wilby and

Blackman (1963), showed that the responses to siren and air jet excitation-

vere similar, and only siren excitation wvas used in later measurements.

v -

6.2 Root Mean Square Displacement

The response of the panels to random acoustic excitation wvas measured
vhen the specimens vere placed in the siren tunnel. The panels vere
positioned so that the direction of propagation of the plane vaves was in
the negative xl direction, and the vibration vas measured at the positions
on the panel surface vhich vere used in the doundary layer measurements.
The panel total r.m.s. displacements st the measuring positions are shown
in Table 6.1. Comparison with the results in Figure 5.2 shows that the
vibration is greater than that due to boundary layer excitation, due partly
to the increase in the excitation powver spectral density at the lower
frequencies, shown in Figures A.2 and A.9. The saximum r.a.s. displacement
(5.8 x lobhinch) again occurs in the 3.5 inches square panel, and is
approximately 4% of the pancl thickness. The vibration should be linear

even for the peak displacements and no non-linear vibration was cbserved
on the monitoring oscilloscope.

~137-

o A e s ot st 8 AR




s m&’ﬂ%@?‘#&w“-ﬂ?m”qumw RTINS e et e < et A

Table 6.1

3 Total Root Mean Square Displacement at

; the Probe Measuring Position

H ‘
¥ (Siren Excitetion) i

Measuring Position
r.«Mm.s.

¥ ! Panel Displacement

X, .
(inches) (inches) (inch)

oy R A IR O 4

: 3.5in x 3.5in 0.88 0.88 5.8 x 10

b

4.0in x 2.75in 1.00 1.375 5.5 x 10'1‘
1.00 0.688 3.2 x 10'1‘

-k

: 2.75in x 4.0in 0.688 |  3.00 3.0 x 10
k N .

‘ 4.0in x 2.0in 1.00 1.00 6.7 x 10°°

1.00 0.50 5.4 x 10°°

5

2.0in x 4.0in 0.50 3.00 4.5 x 107

ow .
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6.3 Displacement Spectra

Measured response spectra for panels 2 to © are shown in Figures 6.1
to 6.5. The spectra are presented 1or the frequency range to 3,000 c.p.s.
used in the boundary layer measurements but, as discussed in Section A.k, f
the excitation in the frequency range above (spproximately) 1,100 c.p.s. is i
a poor representation of grazing incidence plane waves propagating in a
direction parallel to the tunnel axis. Thus experimental results in the

frequency range above 1,100 c.p.s. should be treated with reserve because

the excitation correlation function deviates from the ideal form. Because ; i

of this upper limit on the frequency range the useful information is

restricted to a small nunber of low order modes. The measured spectra
have been ccrrected for loss of resolution at the natural frequencies of

the low order modes, using the method of Appendix B.

Panel displacement spectra have been calculated, Yrom the theoretical
analysis in Section 2.5, and they are shown in Figures 6.1 to 6.5 for
comparison with the measurements. The spectra were ca.iculated on the

assumption that the cross terms could be neglected, but the combined

effect of the joint and cross terms is shown at the panel natural frequencies.
The cross terms are seen to have a very small effect on the estimated

response but the contribution is greater than that for boundary layer
excitation. In Figure 6.4 the effect of the cross terms is shown at ivo ' é;
of the troughs in the estimated spectrum, At thase frequencies the cross i
terms have a greater effect on the spectrum than at the natural rrequeneies'
and the correction is much larger than was shown in1Figure 5.8 for boundary
layer excitation. The reasdn for the ditference is due to changes in the
joint terma rether than in thevcfoén texms. Under siren excitation the
response in the {3-1) mode, estimated from the joint term contribution only,
is small becéuse Lilc is close to a value associated with & joint acceptance
minimum. Thus the cross term contribution has & larger value relative to
the joint terms than i% does in the boundary layer case when the joint term
contribution is much larger.

Because of the assumption of unit correlation in the lateral directiom,
the estimated response is gero fcr all modes (n-n) vhere n is even. These
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modes do appear in the measured spectra and their presence indicates the
divergence between the ideal and the actual lateral correslation functions,
or the existence of slight asymmetry in the panel mode shapes. At high
frequencies where the excitation 'does not conform to the ideal model, the
differences between the theoretical and experimental spectra are large but
at low frequencies the measured response in the (1-2) modes of panels 2 and
3 does not show a large deviation from the theoretical spectrs. However,
there is a largedifference between theory and experiment in the vibration
of the (1-2) mode of the 3.5in x 3.5in panel. The natural frequencies of
the (1-2) and (2-1) modes of the square panel are close together and modal
interaction might be expected, but this was not observed in the discrete
frequency measurements presented in Appendix C. Thus the presence of the
measured response in the (1-2) mode must be due to differences between the
actual and assumed lateral correlation functions for the excitation field,

and to slight irregularities in the panel mode shape.

Apart from the above exceptions when n is even, the predicted spectral
density exceeds the measured value, as was found for boundary layer
excitation. The ratio of the estimated spectral density to the measured
spectral density is shown in Table 6.2 for the modes of interest. The
values of the ratio are similar to those for boundary layer excitation and
they do not show a continuation of the apparent increase of the ratio with
flow or convection velocity which was observed in the results in Table 5.2.
The change from the boundary layer to acoustic excitation results in an
increase in convection velocity by a factor of approximately 2.5.

The results in Figures 6.1 to 6.5 are presented in terms of the
response to unit excitation so the spectra can be compared directly with
the response spectra for boundary layer excitation contained in Figures
5.5 to 5.13, without the necessity of correcting for differences in
excitation spectral density. The spectra show one cbvious difference
betveen the response to boundary layer excitation and the response tc
acoustic excitation. The displacement spectra for acoustic excitation
are dominated by the vibration in the fundamental (1-1) mode, vhereas at
the corresponding positinns on the panels, the boundary layer induced
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Table 6.2

Ratio of Theoretical to Experimental
Displacement Power Spectral Density

(8iren Excitation)

Panel Mode Order | Theoretical Gs(f)

(m-n) Measured G4(f)
3.5in x 3.5in 1-1 3.h

2-1 2.1
4.0in x 2.75in 1-1 2.9

2-1 8.3

3"1 0.5
2.75in x 4.0in 1-1 4.0

2"1 508
L.0in x 2.0in 1-1 1.5

2=1 11.5
2.0in X h.Oin 1"1 107
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vibration shows that the response of some of the higher order modes is of
a similarmagnitude to that of the (1-1) mode. This is due partly to the

low or zero response to the acoustic field in the low frequency (1-2) and

(2-2) modes, particularly in the response spectra for the 2.0in x L4.0in and

2.75in x 4.0in panels, but it is due also to changes in the relative

magnitudes of the acceptances of the other modes.

The relative importance of the modes for which n is odd depends mainly
on the joint acceptance terms, and the effect on these terms of the change
from boundary layer to acoustic excitation can be estimated from the non-
dimensional curves in Chapter 2. If, as in the present investigation, the
turbulent boundary layer is associated with subsonie flow, there will be
an increase in convection velocity at a given frequency if acoustic
excitation is substituted for the boundary layer. There will be a
corresponding decrease in the non-~dimensional parameter Ll/cmn (= E%lfmn)
with associated changes in the joint acceptance. Also there will bg a
change in the exponential decay rate of the pressure narrow band cross
correlation coefficient and, from Figures 2.2 to 2.5, this can have a very
strong effect on the joint acceptance. The influence of the boundary layer
thickness on the response to boundary layer excitation has to be considered
but the effect will probably be less important than the first two changes.

Values of Ll/cmn for the lower order modes are shown in Table 6.3 and
can be compared with the corresponding values in Table 5.3 for the boundary
layer excitation, the values for acoustic excitation being approximately
0.4 times the values at M°'°°5 in the boundary layer case. In the (1-1) mode
Ll/cmn has values less than unity for all panels exposed to the acoustic
field and there will be an increase in the vibration in this mode for any of
the experimental panels when the convection velocity increases due to the
change from boundary layer to acoustic excitation. In the (2-1) mode,
Ll/cmn changes from values in the range 2.0 to 4.0 for the boundary layer
to values of 1.0 to 1.6 for the acoustic excitation. Thus from Figures 2.3
and 2.7 the longitudinal joint acceptance for acoustic excitation is less
than in the boundary layer case. These variations in the joint acceptance
explain the spectrum change from a shape in which the (1-1) and (2-1) modes
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Table 6.3

Value of Non-Dimensional Panel Length at

Natural Frequencies.

(Siren Excitation)

Panel

Mode Order
(m-n)

I/C

3.5in x 3.5in

4.0in x 2.75in

2.75in x 4.0in

b.0in x 2.0in

2.0in x b.0in

1-1
2-1
1-3
3-1
2-3

1-1
2-1
3-1

1-1
2-1
1-3
2-3
1-1
2-1
3-1
1-1
i-3

0.53
1.03
1.12
1.69
2.07

0.68
1.0l
1063

0.7

1.09
1-05
1.68

1.30
1.5h4
2.10

0.65
1.65
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are of similar importance for boundary layer excitation to one in which the
(1~1) mode is predominant, under acoustic excitation. The extent of the
change will depend on the value of Ll/cmn for the modes considered., If

the natural frequency of the (1-1) mode, or the panel length, is large so
that Ll/;l,1 is in the neighbourhood of a zero of the joint acceptance jl,l(w)
(when «1=0) then the relative effects of the boundary layer and acoustic
pressure fields on the panel vibration will differ from those associated

with the experimental panels.

Figures 2.2 to 2.5 can be used to estimate the effect, on panel response,
of deviations of the longitudinal excitation cross correlation coefficient
from the ideal of an undamped cosine. From Table 6.3 and Figures 2.2 and 2.3
it is seen that variations of a; will have a negligible effect on the (1-1),
(1-3), (2-1) and (2-3) modes shown in the table, but from Figure 2.1 there
will be a significant effect on the (3-1) modes. In the latter case the
values of Ll/cmn lie in the neighbourhood of a zero of the longitudinal
joint acceptance when a;=0 and the theory will underestimate the vibration
in the mode, particularly for the 4.0in x 2.0in panel where the value of
Ll/tmn is very close to the zero condition. In Figures 6.3 to 6.5 it is
seen that the vibration in the (3-1) mode is underestimated by the theory,
and part of the discrepancy can now be attributed to the deviation of the
pressure field from the ideal. In the lateral direction it is possible
that small deviations of the pressure cross correlation coefficient frcm the
ideal value of unity will have a small effect, except in the case of modes
with n even, when the response will be sensitive to changes in the pressure
correlation function. However changes in the pressure correlation decay
rate will make only & small contribution to the difference between theory
and experiment for the modes in Table 6.2.

6.4 Angle of Convection

Because of the limited useful frequency range, an investigation into
the effects of the angle of :onvection on the panel response does not have
a great value. Hovever, the response of the (1-1) and (2-1) modes of the
4.0in x 2.75in panel was measured for a range of values of the angle of
convection 6 , O°3090°, and the results are shown in Figure 6.6, the
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displacement spectral density for 8=0° being used as a detum. The angle
0=0° indicates that the major axis of the panel is parsllel to the direction

of convection.

The theoretical displacement power spectral density, calculated from
equation (2.93) at the panel natural frequencies, is shown in Figure 6.6
and the curves closely predict the measured variation with angle of convection.
As in the case of boundary layer excitation (Figure 5.30), convection
direction has only a small effect on the vibration in the (1-1) mode. The
response in the (2-1) mode varies markedly with angle of convection for
acoustic excitation, the displacement being theoretically zero when q=90°,

and the variation is considerably larger than for boundary'ié&er excitation.

6.5 Summary

To provide a comparison with the boundary layer induced vibration, the
experimental panels were exposed to grazing incidence random acoustic plane
waves. Measured overall root mean square displacements were greater than
those for the boundary layer excitation, but, at the quarter point along a
panel diagonal, they did not exceed 4% of the panel thickness. The
results showed good agreement with the estimated spectra in the frequency
range below 1,100 c.p.s., the range in which the experimental conditions
satisfied the theoretical assumptions of freely propagating acoustic plane
waves, but showed a wide divergence at higher frequencies. This divergence

could be explained in part by modification of the theoretical assumptions.

The vibration occurred predominantly in the (1~1) mode, the measured
displacement power spectral density for unit excitation at the natural
frequency of the mode being greater, as predicted, than that for boundary
layer excitation. There was negligible measured response in the modes of
order (m=n) where n is even, the theoretical response in these modes being
zero. Exceptions arose at the higher frequencies when the excitation
deviated from the ideal. Limited measurements showed that the effect of the
direction of convection on the modal response could be closely predicted.
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CHAPTER T

Conclusions

The response of simple structures to random excitation, in the form
of a naturally developed turbulent boundary layer or acoustic plane waves,
has been discussed on the basis of theoretical and experimental results.
Summaries of the detailed discussion have been given at the end of each

chapter and it is possible now to draw several general conclusions.

(1) Under assumptions of separability of the excitation and response
functions in the co-ordinate directions, the joint acceptance can
be separated into longitudinal and lateral components. In general
the longitudinal acceptance is more important than the lateral
acceptance, which is a slowly varying function. The lateral
acceptance depends on the boundary layer pressure lateral correlation
function which often is not known with confidence. However, in
many cases it will be sufficiently accurate to use only a simplified

form of the correlation function.

(2) For boundary layer excitation, the response cross terms due to
the statistical coupling of the normal modes, are negligible when
the damping is light. In any case, when the pressure field is
convected along the longitudinal axis of the structure, the cross
terms for modes (m-n) and (r-s) are zero when n+s is odd.

When the structure is exposed to acoustic excitation and the damping
is light, the cross terms are negligible at the natural frequencies but
may be significant off-resonance, at spectral troughs close to the
natural frequencies of modes for which the joint acceptance is small.
However, the off-resonance case is of little importance in practice.
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When the response of fully fixed panels to random excitation

is estimated using the simplifying essumptions of simply supported
mode shapes in the analysis, the predictions exceed the measured
values. However in most cases the difference is similar to that
expected due to the assumptions. The theory predicts reasonably
accurately the variations of the response with boundary layer
thickness, static pressure differential, angle of convection and
aspect ratio, but discrepancies can occur in the (1-1) mode, which
is the mode most likely to be affected by assumptions concerning
the edge conditions of the panel. When predicting the effect of
flow velocity the theory is less reliable because it overestimates
the effect in the neighbourhood of coincidence and underestimates

the effect away from coincidence,

The boundary layer thickness affects the excitation pressure
power spectral density function and hence the response spectrum.
It affects also the decay rate of the narrow band pressure cross
correlation at low Strouhal numbers, but this has only a secondary
effect. The modal response at a natural frequency increases with
boundary layer thickness until the pressure power spectral density
reaches a maximum. Thereafter further increases in the boundary
layer thickness will reduce the structural vibration. The concen-
tration of the excitational energy at the lower frequencies, as the
boundary layer thickness increases, means that the higher order modes
reach a maximum response first, and the response spectra become biased

towards the lower order modes.

Because the total response depends on the vibration in the
predominant modes, and these have low natural frequencies, the total
root mean square displacement does not reach a maximum until the
thicker boundary layers are reached.

The flow velocity affects the response through the pressure power
spectral density function and the excitation correlation length.
As the velocity increases there is a general increase in the vibration
but, because the excitational energy is distributed over a wider
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(6)

frequency range, the vibration spectral density increases more
quickly at the higher frequencies. Above coincidence, further
increases in the flow velocity may reduce the vibration in the
associated modes, the change depending on the net effect of
excitation spectral density and correlation length changes. The
jeint acceptance terms do not change very rapidly with flow

velocity in the neighbourhood of coincidence, so that the convection
velocity must be well separated from the coincidence value if the

vibration is tc be reduced significantly.

When the structure is allowed to vibrate in the presence of a static
pressure differential, there is a general decrease in the structural
response, and an increase in tne natural frequencies. The change
in the displacement power spectral density function is due mainly
to the change in the effective stiffness of the structure, there
being little change in the panel joint acceptance as this changes
relatively slowly with frequency.

For a given mode 6rder, and an infinite range of values of the
norn-dimensionsl panel length, the maximum response to acoustic
excitation will occur at coincidence when the convection direction
is parallel to the overall standing wuve system in the structure,
at a convection angle 6 where 0°<6<90°.

In the case of boundary layer excitation, the maximum response
occurs when 6=0° or 90°, because at other values of 6 the improved
matching betweern the excitatisn correlation length and the modal
vavelength is cancelled by the increased effective decay rate of
the excitation correlation function.

For a fixed value of the aon-dimensional panel length, the modal
response to either form of excitation may be a maximum for a value
of © in tioe range 0°<0<90°, but the fundamental mode is affected

little by changes in the angle of convection.
®
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(8) Under boundary layer excitation the response spectra of
panels with aspect ratios less than unity are dominated by the
vibration in the fundamental mode. Panels with aspect ratios

greater than unity have displacement spectra which have a relatively

greater contribution from the higher order modes.

The total root mean square displacement increases more rapidl
P

with flow velocity when the panel asnect ratio is greater than

.
" | O i iy

unity, than when it is less than unity.

oyt e e o

(9) For the structures considered, the vibration in the fundamental

mode was greater for acoustic excitation than for boundary lsyer
excitation. However, this conclusion may not be applicable when

¥ the panel length is much greater than the acoustic wavelength at

: the resonance frequency. When comparing the response to boundary

§ layer and acoustic excitation, the correlation decay rste may become

: more important than the convection velocity. In particular this is

: true for a mode vhen the ratio of the panel length to the excitation

correlation length at the natural frequency has a value close te

{g that associated with a joint acceptance zero for acoustic excitation.
ég Thus the relative effect of boundary lay2r and acoustic excitation

ff ~ can depend critically on the associated non-dimensional panel length.

(10) It is known that, when random techniQues are used in the analysis
of experimental data, certain corrections may be necessary when the
spectrum has a series of resonance peaks. In the present investigation

8 series of correction curves have been determined and, for the
measured power spectral density at a natural frequency to be less than
70f in error, the filter bandwidth must Le less than the bandwidth

of the spectral peak.

i$ » ‘

%ﬁ (11}  There are several vays of applying random techniques to the

t messurement of the damping of structures, but difficulties can arise
vhich limit the use of each of the alternative methods. The

e T e
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investigation has shown that direct spectral analysis methods

are of value only when the filter bandwidth is less than one-~
quarter of the bandwidth of the resonance peaks. Measurements
have shown that the excitation-response cross correlation method
is unsatisfactory for very lightly damped structures and that the

response autocorrelation decay method is more accurate, provided

that the natural frequencies are well separated and the modal

response is not small relative to that in neighbouring modes.

e

(12) The presence of an airflow increases the damping of the low

order structural modes, the largest effect being shown in the funda-

¢ mental mode. The damping was unaffected by boundary layer thickness.

The results of the present investigation have extended the range of

information concerning the response of structures to boundary layer excitation,

but further work is required before a complete understanding of the problem
is possible. Several aspects of the problem require investigation and

some of these can be outlined briefly as a guideto future research work.

(a) Published results, and those of the present investigation, show
thet there is a discrepancy between the measured and predicted effects
of the flow velocity on the structural vibration. In comparisons of
theoretical and experimental results it has been assumed that the
'joint acceptance curves for simply supported and fully fixed panels
are similar in shape. The assumption muy not be sufficiently

accurate for large changes in velocily, and differences in the curves
could contribute to the observed discrepancy. Thus it may be
necesséry to consider more accurate representations of the panel
vibrational characteristics.

(b) The majority of the available results refer to single panels and,

for use in practical structures, the results have to be extrapolated
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to the case of panel-stiffener arrays. Measurements of the vibration
of panel arrays are required under laboratory and full scale conditions
to establish the circumstances under which the extrapolation is valid.
Also, alternative methods have to be determined for the estimation of
the vibration of the arrays.

In association with this investigation it may be necessary to

obtain in greater detail pressure corrclation measurements for small

values of frequency, and large separation distances.

(¢) In the present investigatica it has been assumed that the structural
vibration could be represerted by a series of normal modes and the
vibration is dominated by standing waves, which can be considered to

be composed of running an reflected waves. Conditions can arise

in which there is no reflected wave, and the panel vibration is
represented by a series of running waves without the presence of
standing waves. The occurrence of standing and running waves has

been investigated by Baroudi (1964) and Maestrello (1965,b,c) but the
work could be extended to panel arrays and typical practical structures.
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APPENDIX A

Excitation Fields

A.1 Type of Excitation

The measurements of panel vibration have been restricted to two

types of convected random excitation. Interest has been centred mainly

.

; on the response to turbulent boundary layer excitation but acoustic plane
5 wave excitation has been used for comparison. The acoustic field can be
f defined readily but the random characteristics of the boundary layer

pressure field require more detailed study based on experimental results.
The pressure field under a turbulent boundary layer has been measured by

several investigators using flush mounted transducers but the results of

: particular interest to this investigation were obtained by Bull (1963) in
g the wind tunnel used for the panel response measurements. The results
are in agreement with those of cther investigators and include narrow band
correlation measurements. Empirical curves can be fitted to the measured
boundary layer statistical characteristics and the equations to the curves

can be used in the prediction of panel respunse.

A.2 Narrow Band Cross Correlation Coefficient

Assuming that the'prgssure field is stationary and homogeneous, a
narrov band cross correlation function can be defined as

Py, (Xotiuglp, (x+€ teriumpdas . . . (A1)

T
R, (£33 T50,) ® Lin 1 [
Psdu "1?73 Up/ Moo BT o7

vhere pak(g,t;uyi is the filter output when the pressure signal p(x,t) is
passed through a filter of bandwidth Aw and centre frequeacy Wpe

It can be shown, using a method similar to that for the derivation of
eqpation.(h.27)._th§t the rarrow band crous correlation function is
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Aol ELsE3T30p) = fz*(w)z (w)s (£15E3,0)e" du ... (A.2)

where S_(£1,£3,0) is the pressure cross power spectral density function and
Z1(w),Z2(w) are the frequency response functions of two filters centred at

Wpe Assume that the two filters are identical,
ZT(”)Zz(“) = |Z(w)]? s

and that they have ideal rectangular pass band characteristics

Aw A
|Z(w)|2 = 1 for mF ——5 <|w|<mF+—g
= 0 for all other o

Then equation (A.2) becomes
iwgt -1
pp 61083, T30p) = Sp(Elsﬁast)e “Flaw + Sp(Elsiao-wF)e “F* dw
that is, dropping the suffix F,

RS, aplE12E3:T50) = 2(c (El,ﬁa,w)cosw1+Qp(51,53,m)81n wt) Aw

= ZISP(EI ’€3"")I cos(wt-B) Aw . o o (A.3)

where S ({1.(3 w) = C (El,£3.m)-lqp(£l,£3,u)
‘s (ylggaﬂﬂ)l o o (A-h)

A narrov band crossg correlation voefficient can now be defined as

(E] 28397 sw)

R
op(ﬁx,Ea.t;w) "R, 10,0,03w)

Pdie

|8 _(£),6349}| cos(wr~B)
p x s (UT e o s (A.s)

whers 8 {w} = 8 (0,0,u) is the excitation power spectral density.

-153-

o ey PR TR NARDC SRR S

[N RNV IUUORRE RIS SRR SRS SE T WS SN g




When the pressure field has the form of convected turbulence, the
simplest case is that of frozen turbulence convected with velocity U, in

the positive x; direction. The cross correlation function has the property

Rp(gl,sg,t) = Rp(0,£3,1-ro) where 1g = %t

Rp(&l-Ucr,gg,,O) « « o« (A.B)

The cross power spectral density function becomes, from equation (A.6),

1 -i
Sp(Elgis,w) = S f-me(Elsﬁa.T)e 10T4¢
- lwgy iwg)
e c U
= _mc—_ Rp(£1,£3,0)e ¢ ag, . .« (A.T)
. -iwg;
- Q(ﬁ“3 ,63,0) e Uc
Ue
® iuwgy
where 9(52,53,0) = %; [ Rp(£1,53,0)e Ue d¢; , and is real, because
c -0

Rp(e,,ea,o) = Rp(-cl,gg,o). Comparing equations (A.4) and (A.7),

B-&.
Uc

Thus for frozen turbulence convected with velocity Uc in the xj direction

op(ﬁhﬁa.uw) - 48 Sp " 2 cos w(t = -8-:-) e+« (A8)

For decaying turbulence, Bull (1960) following Harrison (1958), has
shown that the correlation coefficient may be expected to have the form

pplE163,Ti0) = P (-{",-:‘. 233 ) cos 1 - -&: ) o (A.9)

[ ]

except at very small values of 2&* and 2&‘ vhen €3 are non zero.
¢ ¢
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It was assumed initially that Uc was constant, but frequency dependent
convection velocities can be used. Correlation coefficients similar to

the form shown in equation (A.9) were used to describe the measured results.

A.3 Boundary Layer Excitation

A.3.1 Nature of Pressure Field

The measurements of Bull (1963) can provide an insight into the nature
of the pressure field which arises from natural transition from laminar to
turbulent flow on a fiat wall.

The turbulence can be considered to be composed of pressure eddies
of different sizes or wave number. The eddies are convected in the free
stream direction, with a range of convection velocities associated with
each wave number. However the experimental results indicate that the
range of convection velocities is sufficiently narrow for a unique value of
the convection velocity to be associated with each wave number. In the
evolution of the pressure field the smallest eddies predominate initially,
but they decay fairly quickly and the large scale eddies are then of
importance. The large eddies decay relatively slowly at a rate which is
independent of frequency. This division into small and large scale
turbulence is associated with two forms of narrow band cross correlation

coefficient.

A.3.2 Statistical Properties

The statistical properties of the pressure field can be messured in
either the time or frequency domain, and, theoretically, these are equivalent
through the Wiener-Khinchin relationships. In practice it is often easier
to measure the cross correlation function than the cross power spectral
density function, which can then be obtained by Fourier transformation.
Alternatively the narrov band cross correlation function, as defined in
equation (A.l), can be measured, and this was the method adopted by Bull(1963).

The measured boundary layer pressure pover spectral density is shown
in Pigure A.1l, non-dimensionalised in terms of the boundary layer thickness §,
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mean square pressure <p2> and free stream velocity U + The power spectral

density is expressed in terms of the measurable 31ngle sided function G (w)

‘where w20, and G (w) = QS (w). G(w) is defined by

Glw) =

ERLM]

[ R(1) cos wrdr
0

The spectrum is smooth and has a broad maximum in the region of ~%§ = 2, From
the tunnel characteristics in Table 3.1, Figure A.l gives the excifation
spectra shown in Figure A.2 for the panel positions in the tunnel working
section, where, for convenience, the spectral density is expressed as

Gp(f) = 2y Gp(w). The spectra were estimated for positions corresponding

to the centres of the panels and it is assumed that the spectral densities

are effectively constant over the panel area. The measurements in Figure A.l
were carried out on a rigid wall but, in the absence of information, it has
been assumed that the boundary layer pressure field is unchanged by the
presence of the flexible panel. The vibration amplitudes of the panel are
very small relative to the boundary layer displacement thickness &%, so
distortion of the pressure field should be small. The spectral shapes in
Figure A.2 assume that there is no interference from the acoustic field in
the tunnel., It is shown in Chapter 3 that this can occur at low frequencies
and corrections have to be made where necessary. The overall hydrodynamic
pressure in the boundary layer is approximately 12UdB re 2 x 1073 dynes/sq.cm
for a flov velocity U = 329 ft/sec., and 132 dB for U, = 540 ft/sec.

The amplitude of the measured narrow band cross correlation coefficient
in the longitudinal direction is shown in Figure A.3 and, except at lov
values of 351. the results can be represented approximately by the single

exponential sunct1on O.lm]; I

lo, (61,0,150)] = ¢ € . « + (A.10)

At lov values of 251 the measurements diverge from the fitted curve,

the divergence occurrxng ut a higher value of Eil for a higher value of %*

In Pigure A.b the correlation amplitude at low _51 is shown as a function of
Ue
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-%% and a single exponential function

»
IDP(EIQO!T;N)I = e 6 s o @ (A.ll)

has been fitted. The data in Figure A.3 can now be separated into two regionms,
the boundary between the regions being given approximately by the condition

* *
T“;-G— = 0.37. When %_5__ > 0.37 the correlation coefficient can be expressed as

c »
a function of u, eq_ugticn (A.10), and when i“;—‘?-— < 0.37, the coefficient is

independent of frequency and is a function of %—} only, equation (A.11).

Curves of constant %-} are represented by the broken lines in Figure A.3.

The narrow band cross correlation measurements in the lateral direction
can be similarly divided into two regions as indicated in Figure A.5. The

measured correlation amplitude can be represented again by a single exponential
function, given by

Ipp(OQESnTi“’)I = e Uc e o (A.la)
except at low values of %53 vhen the results diverge from the fitted wave.
Comparing Figures A.3 and®A.5, or equation (A.10) and (A.12), the correlation
amplitude decays more rapidly with distance in the lateral direction than in
the longitudinal direction.

In Figure A.6, an empirical curve has been fitted to the measured correlation
coefficients at small %'53, The data in the figure differs from that in the
preceding three rigurescbecauae the results have a non-gero asymptote at large

-g-é and the equation for the curve is )
- Oo

e+ « (A13)
|pp(0.£3.ts-w)| = 0,28 +0.T2 e 6

The correlation amplitude curves derived from equation (A.13) are shown in
Figure A.5 as broken lines. Physically it is difficult to explain the presence
of the non-zero values of the cross correlation coefficient at large -&*

and they may result frae low frequency acoustic disturbances in the wind
tupnel. Under free conditions it is probable that the lateral cross
correlation coefficient will approach zero for small %’.ﬂ} and large %} .

=157~

e m o At (A A g R SR k4L W




T IO .3 QPR AT X B xr PRy st 9 T wr rpo et e ¢ R 4

However, equation (A.13) represents the excitation field in the wind tunnel

and will be used in the estimation of the panel vibration. The effect of the gj
constant term in equation (A.13) on the panel response is discussed in
Section 2.6.3. The boundary between the regions of validity of equations
@.12) and (A.13) is not well defined in the lateral direction and, from
Figure A.5, is given by the condition

UC *
les]l = ks = (9.1 log, (=) - 5.45 ) & v o (A1)

F _ Thus, when |53|3§3 the amplitude of the narrow band lateral cross correlation
E coefficient is given by equation (A.12) and when|£3| < k3, by equation (A.13).

The measurements of Bull (1963) indicate that, at least for high values
(]

=, of U
f&i!‘ly accurately by

, the amplitude of the cross correlation coefficient can be represented

! Iop(Ex.Ea.r;m)l = |op(£1.0.1;w)| . IDP(O,Eg,T;w)l . o« . (A.15)

| At 10w~9§L equation (A.15) is less accurate but, from the limited data

(3
! available, it still seems to be a reasonable approximation.

The frequency dependent convection velocity for the turbulent pressure

field is shown in Figure A.7 and the measurements are found to be fairly well !l
represented by the equation ‘
- 0.89uws* ‘

U = U (w) = (0.59 +0.30e Yo )y .« . (A.16) |

The value of the convection velocity given by the above equation is assumed

to be associated with a unique pressure eddy vave number.

Al Acoustic Excitation

The grazing incidence acoustic field in the siren tunnel has a restricted
frequency range vith lover and upper cut-off frequencies determined by the
design of the tunnel and siren. The low frequency limit occurs atapproximately é
100 c.p.s., in the neighbourhood of the theoretical cut-off frequency of the
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acoustic horn. At high frequencies the acoustic output of the siren
is limited by the response of the modulator coil and the spectrum falls
off sharply at frequencies greater than 800 c.p.s. The shape of the
noise spectrum can be controlled, within the limited frequency range,
by the use of electronic filters in the excitation circuit of the
modulator coil. A typical third octave spectrum for the acoustic
excitation field is shown in Figure A.8. The figure contains also the
spectrum of the noise field due to the jet noise effect of the air
flowing through the siren orifices when the airflow modulator is not
operating. Comparing the two spectra in Figure A.8 it is seen that at
frequencies greater than 1,500 c.p.s. the noise is essentially that due
to the jet noise effect. The excitation pressure power spectral density
curve, corresponding to Figure A.8, is presented in Figure A.9 and the
data can be used to determine the measured panel vibration in terms of

the response to unit excitation.

The pressure distributions and correlation coefficients in the siren
tunnel are contained ir the calibration charts of Clarkson and Pietrusewicz
(1961). Over the panel area the overall noise level will be constant to
within 0.5 4B, and in narrow frequency bands, to within 1.0 dB. The
calibration charts show that, for frequencies below 1,100 c.p.s. and for
separation distances equal to the maximum pauel dimension, the lateral
narrow band cross correlation coefficient has a value vhich is within
5% of unity, but there is a greater divergeunce, of the order of 15%, from
the ideal of an undamped cosine correlation form in the longitudinal
direction. As the frequency increases the acoustic field is distorted
by reflections from the tunnel walls and the correlation coefficient
diverges from the ideal of freely propagating plane waves. However, in
the prediction of the panel vibration it is assumed that the narrov band
cross correlation coefficient is an undecaying cosine in the longitudinal
direction and has a value of unity in the lateral direction. Within
experimental accuracy, and for the limited frequency range considered, a
comparison of the theoretical and experimental vibration spectrs, based on
the above assumption, should be valid.
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A.5 Summary

From the measurements nf the statistical properties of the boundary
layer pressure field, the narrow band cross correlaticn coefficient can
be expressed in a general. form which can be modified to it ~ther types

of convected excitation. The cross correlation coefficient has the form

Dp(519€3:13m) = lop(el.ea,r;w)l cos w(t - %l ) .o . (A7)
[

for convection with velocity U, in the positive x; direction.

The coefficient amplitude can be written in separable form
Ipp(glﬁgajt;m)| = %(glbo,.t;w)l . lpp(o,£3,'5;w)l LI | ':A-l&)

The amplitude of the longitudinal narrow band cross correlation coefficieit

is
- #*
|pp(£x,0.1’;w)l = e allgl; 23—‘ z_kl * » . (A.19)
c
- #*
= e azlcl‘ 9'{61—' < kl ¢« o (Alzo)
[
vhere a; = Eﬁﬂ » 87 = ~%§ and aj,a; are :zounstants.
¢
The amplivude of tbe lateral narrow band cris correlation coefficient
is
Iop(O.Ca.r;u)l . omt3lsl 1€2] 2 k3 + o« (AJ2L)
x ceaedlsl o ... (A22)

vhere ay = 2%2 s By ® %&- and aj3,ay are constants.
¢

The convection velocity Yo is a functican of angular frequency w
and is given by - ccwd?
TR
v, *= U(w) = (xy + xz¢ "o Y, « o« (A.23)
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The particular values of the coefficients associated with the boundary

layer measurements of Bull (1963) are :=

a = 0.1 c = 0.28

a; = 0.037 d = 0.72

a3 = 0.715 k; = 0.50
; ay = 0,547 kg = 0.30
t as = 0.89

and the ranges of'validity of the correlation coefficients in equations
(A.19) to (A.22) are

S

U
kj = 0.37, k3 = (9.1 log,(=%,) - 5.45) &*

R I TR

For a3 convected pressure field which is not a boundary layer, the
terms containing the boundary layer displacement thickness é* do not
appear and the corelation coefficient forms reduce to equations (A.19)

«2d {A.21). The convection velocity R vill be given by equations
vhich differ from equation (A.23), and ma; be independent of frequency

as in the cese of an acoustic rield. Theoretically, for acoustic plane
waves propagating in tie x; direction, 8} = a3 =~ 0 and

lpp(El,O,t;u)l =1l= Ipp(3,£3,f;m)[ .

T
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FPPENDIX B

Effects of Filter Bandwidth in Spectral Analysis

B.1 Introduction

In the measurement of power spectral density, one of the important
sources of error is the finite ban@ridth of the analysing filter. The
choice of filter is usually controlled by two requirements. The bandwidth
must be narrow so that there is no loss of spectral resolution but,
conversely, the bandwidth must be wide so that the statistical uncertainty
error is small., When the data record is short and there is an unlimited
choice of filter bandwidth, an optimum must be achieved to obtain a balance
between spectral resnlution and statistical reliability. Alternatively when
the record is sufficiently long, and the only criterion is the required
spectral resolution, there may be only a limited number of filter bandwidths
available. In such circumstances the filter bandwidths used may be
significantly grecater than the bandwidths of the spectral peaks, and
corrections have to be applied if more accurate estimates of the power

spectrum are required.

Under the assumptions of ergodicity it hac been shown by Morrow (1958)
that the standard deviation error €, for the power spectral density function
G(f) is

1
s = .7 6(£)

vhere Af is the filter bandwidth and T is the averaging time. In the panel
vibration analysis the narrowest filter used had a 1.2% bandwidth which, at

a frequency of 500 c.p.s. is equivalent to Af = 6 ~.,p.s., and the integrating
time was 50 seconds. The_stgtistical orror wes ¢ ® 6%, indicating good
statistical reliability. = However the filter bandwidths were large relative
to the bandwidths of the resonance peaks, and corrections had to be made to

the measured spectra.
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B.2 Single-degree of Freedom System

If the spectral density function is expressed in terms of frequency f,

the Wiener-Khinchin relations are :

«©

: G(f) = 4 [ R(1) cos 2nfrdr
: 0 ... (B.1)
g R(t) = [ G(f) cos 2nfrdf
P 0
where G(f) = 2S(f) = 4n5(w) is the spectral density function which is

measured in practice.

For a system with one degree of freedom, the displacement spectral

density function is
Gy(f) = |H, (£) ]2 Gp(f) e« o (B.2)

where H;(f) is the complex response function and can be expressed in terms
of viscous or hysteretic damping. Gp(f) is either the direct excitation
spectral density function for single point excitation or has a form similar

to a generalised force for distributed loading.

When the vibration is analysed with a filter of bandwidth AfF and

characteristic Hp(f), the measured spectral density function is

6y(f) = z= [ IHa(£)]2 Gyle) at

F 0O
l [ ]
g !0 |Hy(£) |28 (£)|2 G (1) ar v« . (B.3)

vhere the dash denotes a"measured" value.

Within the accuracyof the measurements, the filter can be assumed to

have the charscteristics of an idesl rectangular filter.
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Tus [Hy(£)]2= 1 £, -%Fcror + &F
« « « (B.b)
= 0 for all other f

where o is the centre frequency of the filter.

If it can be assumed that the excitation spectral density is constant
within the range of integration, i.e. within the filter bandwidth, then
Gp(f) = constant = K' .« .« (B.5)

This is valid for most forms of random excitation.

Substituting equations (B.4) and (B.S5) into equation (B.3) gives

Afy
T+
X'
Gy'(f) = —ﬁ,; |H (£)]|% af . . . (B.6)
g . Afp
F 2

Assume that the damping is hysteretic and that |H;(f)|2 has the
normalised form

v 2f 4

r r
'Hl(r)lz = fr"f +vrfrl.; e« 2 0 (B.T)

vith a maximum value of unity at f = f.. Then, from equations (B.6) and

(B.'r)

Afp
r* 2 v2 gl
K' r °r
‘ Senm——
Gd(f) = T, (FZFInTE? ar « . . (B.8)
¢ - Afp
F 2

When the definite integral in equation (B.8) is evaluated, and the
filter centre frequency fF is replaced by f for convenience, then
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V2 ko log (:,,:
¢ (f) = ——F—em tan ! 0
d 2T (_A_fF) + e« o @ (Bag)
rf, 2 @(Tr»fl)) vfz('rr-l))
where T2= 14+ v 2
r r
- oy _fy2 _ (8fEy2
ole) = {2(1 ~1) (fr)(Tr+ fr) (2fr) )
(1-(-—-)2 + (—-E)Z) - T, (& )2 +v 2
vie) = (-2 (—E)Z) Tr(Ag)z — -+« (B.10)
o) = RLANE (1, - (2 + (—E)z )
r

Evaluation of equation (B.9) for %— = 1 gives the measured peak

spectral density Gé(fr). r

For comparison with equation (B.9), the true response spectral density

is, from equations (B.2), (B.5) and (B.T),

K'v_2f ®
Gd(f> = I—;—%—-}-—z—“ « o o (B.11)
\fr'f ) '+Vrfr

and the reduction in resolution at a given frequency f is given from
equations (B.2) and (B.11) by the ratio

¥Y+¢

G (f) (fz-f2)2+ 2t log, (3=3) - ;
Gd(f) - v' r ——g—-—— + "'t;‘—n-"'l""g— ) * * ® (3012) )
4 2’l‘rfr"'(- r ) 2 fa(T A1) 2(T_~1) :
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The loss of resolution due to filter bandwidth effects is illustrated
in Figures B.l and B.2 where the measured response peaks for two single
degree of freedom systems are predicted from equation (B.9) and compared
with the true curve given by equation (B.1l1). It is assumed in all cases
that the excitation has unit spectral density, i.e. K'= 1, so that the
peax of the true curve is unity. The filters used in the calculations
have bandwidths of 1.2% and 2.0%, corresponding to the filters available
for the vibration analysis. In Figure B.l, where the loss factor v, = 0.012
implies a resonance curve bandwidth which is similar in size to the filter
bandwidths, the distortion of the true peak is not large, but the predicted
curves show the general trend of reduced peak spectral density and increased
resonance curve bandwidth. For the lower loss factor of V= 0.002 in
Figure B.2, there is considerable distortion by both filters and there is
a large reduction in resolution. In the neighbourhood of the natural
frequency, the measured peak is considerably lower than the true peak, but

a reversal occurs close to the natural frequency and the measured spectral

" density exceeds the true value at all other frequencies. However, it should

be observed that the filter bandwidth effect is restricted to a narrow
frequency range in the neighbourhood of the natural frequency of the peak,
and that there is only a small difference between the true and measured
spectra in the lower regions of the resonance curve. For the conditions
of Figure B.2, the true and measured values of the spectral density
function are approximately equal when the frequency differs from fr by
more than 2% of £

Equation (B.12), which predicts the loss of resolution due to filter
bandwidth, can be used to correct the measured spectral peaks and
corrections of this form have been computed for filters with 1.2% and 2.0%
bandwidths. The corrections are shown in Figures B.3 and B.l4 for a series
of damping loss factors covering the range encountered in the expe:rimental
measurements. It is seen that, even for the 1.2% filter bandwidth, there
can be large resolution corrections at the natural frequency when the
damping loss factor is less than v= 0.004. These curves can be used to
correct the measured response of a single degree of freedom system or the
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response of a multi-degree of freedom system when the vibration can be
considered to be due to motion in only one mode., The disadvantage of the
method is that the value of the damping loss factor is required before
resolution corrections can be estimated., It will be shown in Section B.l
that, in principle, the true damping can be estimated from the measured
bandwidth of the spectral peaks but that in practice the results have an
unacceptably low degree of accuracy. Thus alternative methods of
estimating the damping have to be used before resolution loss corrections

can be applied.

B.3 Multi-degree of Freedom System

In some circumstances the assumption of one degree of freedom is not

valid and the method of correction for reduced resolution must be modified.
A simple, but rather crude, modification which is suggested here is similar

to the corrections proposed in the amplitude response curve method for the

discrete frequency determination of modal damping.

In the neighbourhood of a natural frequency of a multi-degree of

E : freedom system, the displacement power spectral density function can be

é represented as the sum of the spectral demsity function G4(f) for a single
degree of freedom system and the background vibration spectral density

: function Gb(f) associated with the off-resonant vibration in the other

- degrees of freedom. The true spectral density function will be

Gp(f) = Gy(f) + G (f) .+« (B.13)

where, for single point excitation, Gd(f) is given by equation (B.1ll).

For simplicity, and vwithout much loss of generality, assume that

L Gb(f) is independent of frequency, and that
"
G,(f) = constant = K Gd(rr) « « o« (B.1Y)

vhere Gd(fr) is the peak value of Gd(f), i.e. from equation {B.1ll),
]
Gd(fr) = k',
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The assumption that the off-resonant vibration has a constant contribution
to the spectral density function is similar to the assuuption of constant
amplitude contribution in the amplitude response curve method for the deter-
mination of modal damping, but it has greater validity because there is no
problem of phase matching between the resonant and off-resonant contributions

in random vibration.

Following the arguments of Section B.2, the true spectral demsity for

unit excitation is

viph
Cplf) = 2’ r2 — K" .« . (B.15)
(fr -f Fkvr £y

and the measured spectral density is

¥+¢
G' (f) = vrz loge (m) + tan.le "
T adm e T ke CF

« « o (B.16)

Equations (B.15) and (B.16) have been used to calculate the errors in
the measured peak values and these are shown in Figures B.5 and B.6 for the
1.2% and 2.0% bandwidth filters respectively. It can be seen from the
figures that in most cases the effect of the background vibration is negligible
vhen the background spectrsl density is less than 10% of the peak value, i.e,
when K"<0.1.

In practice the value of K" is estimated from the spectral troughs
adjacent to the peak under investigation and Figures B.5 and B.6 are used
to predict the true spectral peaks from the measured values. Hovever the
correction can be applied only if the modal damping is known, from either
the measured bandwidth of the resonant peak, or from other sources. An
example of the use of the corrections is shown in Table B.l vhere data
are taken from measurements of panel response to siren excitation, the
spectral analysis being carried out with filters of 1.2% and 2.0% bandwidths.
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Before corrections for loss of resolution were applied, the 1.2% filter
gave peak spectral densities which were 30% to 50% greater than those
obtained with the 2.0% filter. When the corrections were applied from
Figures B.5 and B.6, the spectral densities increased by factors of 2 to 5,
and the results for the two filters agreed to within #9%.

B.lt Bandwidth of Resonant Peaks

The preceding discussion, particularly with respect to Figures B.1l and
B.2, has shown that the bandwidth of the filter has an effect on the band-
vidth of the response resonant peaks as well as on the spectral density of
the resonance curve. The difference between the true and measured band-
vidths of the spectral peaks is important in the estimation of modal damping,
and the relationship between the two bandwidths cean be determined theoretically.

Assume that the system has only one degree of freedom and that the measured
spectral density function is given by equation (B.9). Denoting the measured
bandwidth of the resonant peak by AfM at the half power point, then bty

satisfies the equation

Af 1
G& (dr +-§l) = 'é'Gé (fr) .« « (BAT)

vhich can be solved numerically. The resulting relationship between the
measured and true resonance bandwidths, AfM and Af (where ArT =V, f ) is
shown in Figure B.T for two filter bandwidths ArF = 0.1 r end 0. 01 f « The
results are seen to be virtuslly independent of the fxlter bandwidth ArF/f
and are similar to results which Forlifer (1964) obtained, with certain
approximations, for viscous damping. Figure B.7 can nov be used to predict
the value of Arr, and hence the modal damping, when the measured bandwidth

Af" 18 known.

For practical cases the values of AfT estimated by this method may be
subject to large errors, and the method is useful in a very limited range of
conditions. As an example, consider a system with a hysteretic loss factor
v, = 0,006 and an analysing filter with a 1.2% bandvidth. Then 7:?% = 2.0
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and, from Figure B.7, ﬁ%E = 0.895. When the vibration of this system
is analysed, AfM will be measured to an accuracy of, at best, :}0%.
Inspection of Figure B.T shows that the resultant accuracy of estimation

of Afn, will be of the order of -35% to +235%, which is quite unscceptable.
Therefore only when %%% < 0,5 (or %%i < 0.45) can this method be used with
reasonable accuracy. It could not be used for the vibration analysis of
the panels used in these experiments, and other methods (Chapter 4) were

used.,

B.5 Summary.

The effect of the finite bandwidth of the analysing filters on the
resolution of peaks in measured spectra has been studied theoretically and
found to be large for the conditions in the present experimental investi-
gations. Corrections to the measured spectral density have been derived,
to compensate for the loss of resolution. Theoretically it is possible
to estimate modsl damping from the measured spectre but it has been shown
that in practice the errors wili be unacceptably large in the present
experimental analysis. Ideally the filter bandwidth should be less than
one quarter of the resonant peak bandwidth.
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Appendix C

Panel Natural Frequencies.znd Mode Shapes

C.1 Material Properties

The panel natural frequencies and mode shapes are required for two
reasons. A comparison of measured and estimated frequencies and mode
shapes will indicate the type of boundary conditions which exist in the
expcrimental panes. Also the true natural frequencies are required for
the prediction of the response of the panels to boundary layer and

acoustic excitation.

The panels vere made from mild steel which showed the grain pattern
associated with rolled metal sheet. The presence of a grain pattern
suggested that the panels would not possess isotropic elastic properties
and this vas confirmed by measurements of Young's modulus. The modulus
was measured in directions parallel and perpendicular to the grainp
direction using standard methods, the measurements being repeated for

several specimens to reduce the errors due to misalignment of the very thin
specimens. The results in Table C.1 show that the elastic modulus differs
by up to 158 in the tvo directions, the suffix m in B denoting the value

of the Young's modulus in the direction of the major axis of the panel, and

the suffix n the value along the miror axis.

It vas not possible to measure Poisson's ratio o with a reasonsble
degree of accuracy, 8o a value o = 0.3 vas assumed for all cases. The

error incurred by this assumption is negligible because Poisson's ratio has
‘only a small effect on the predicted natural frequency. The panel density

vas measured using standard methods.
C.2 Estimation of Natural Frequencies and Mode Shapes

There are vwell established techniques for the estimation of natural
frequencies and mode shapes of rectangular panels vith various boundary
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conditions, and the method of Warburton (1954) has been used to predict
the vibrational characteristics of the experimental panels.

Warbu-ton assumes that the plates are isotropic, elastic and of a
uniform thickness which is small relative to the wavelength of the vibration.
The analysis is based on the ordinary theory of thin plates. He assumes
further that the waveforms of the vibrating plate can be represented, only
approximately in many conditions, by the waveforms for beams with directions
parallel to the plate axes. The characteristic beam function assumed by
Warburton for a beam freely supported at x = 0 and x = L is

. mmx
wm(x) - s51ln T « o s (Col)
where m = 1,2,... is the mode order given by the number of modal half

wavelengths.,

For a beam with fixed end conditions at x = 0, L

v, (x) = cos %& (cosh 1%5 - cos 1%5 + tan %;(sinh I%£ - sin %%5 ))

.« .. (C.2)

form =1, 3, 5, ecee

? ?
where 1.',|a.n12J +tanh121 = 0,

and

v (x) = sin E»' (cosh % - cos Jez-'ﬁ - cot g—(sinhu;-'}- - siny-zl"—x- ))

. (Ca3)

form =2, 4, 6, ....

U U
where tan %2 - tanh %2 = 0,

The panel natural frequencies are determined from the beam functions
and the equation of motion of the plate, using Rayleigh's method. For the
experimental panels, natural frequencies were estimated for simply supported
and fully fixed edge conditions, using the mean value of Young's modulus

«)Th-




shown in Table C.l. The predicted frequencies are¢ shown in Table ...
Under ideal conditions the (r-s) and (s-r) modes of the square panel will
combine to give modal patterns having nodes which are not parailel to the
panel edges. However very small deviations from the ideal will separate
the natural frequencies of the (r-s) and (s-r) modes sufficiently for

g i the interaction to be prevented. Warburton shows that after a 2% change
in panel aspect ratio the interaction is negligible. Small irregularities

in the structure of the material will have similar effects, especially

§§ when the panels are thin. !

The work of Warburton was extended by Hearmon (1959) to include the
case of orthotropic plates which have three mutually perpendicular axes of
elastic symmetry, two of which lie in the plane of the plate and are
parallel to the respective sides. The third axis is perpendicular to the

plane of the plate and, for thin plates and small deflections, can be

ignored. Hearmon considered characteristic functions similar to those i
assumed by Warburton but expressed them in the combined form
Y'x le Y'x Y'x
wm(x) = cosh —13‘- - cos —g— - k' (sinh —f‘- - sin —E—) e oo (Cul)

for m >1

where k' = 0.982; y; = 4,730 when m=1

. k' = 1; y; = (m+ 3)n vhen m

From Hearmon's results the panel natural frequencies were estimated
using the measured values of Young's modulus in the directions of the panel
axes, and they are contained in Table C.2.

Py
i

ﬁ:g When a panel is backed by a rectangular cavity the vibrational

iy

The effect of a cavity has been studied theoretically by Pretlove (1965)
for the volume displacing modes, the modes vhich are most likely to de

]

|

!

:

|

=

i ! characteristics differ from those estimated for "in vacuo" conditions.
|

f : affected by the change in the surroundings. The effect will be greatest
} : in the case of the fundamental natural frequency. Pretlove shovs that, if
;
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the "in vacuo" fundamental frequency is less than the open ended acoustic
mode frequency of the cavity, and if there is no acoustic coupling of the
panel modes, then the fundamental frequency of the panel is increased. At
higher order modes Pretlove shows that a decrease in the panel natural
frequencies can occur, but suggests that the presence of slight air leaks

could destroy the cavity effect at all frequencies.

C.3 Measured Natural Frequencies te

The natural frequencies and mode shapes of the experimental panels
were measured using discrete frequency excitation methods described in
Chapter 4. The exciting force was provided by an electromagnetic coil
wound on a permanent magnetic core. The presence of the permanent magnetic
field produced a static deflection of the panel as shown in Figure C.1,
the deflection increasing as the gap between the exciter and panel surface
decreased, but the associated changes in the natural frequencies were less
than 0.8%. The natural frequencies were determined with an exciter-panel
gap of 0.625 inch for the lower order modes, decreasing to 0.25 inch at the
higher frequencies, so that the presence of the exciter had a negligible
effect on the magnitude of the natural frequencies. During the measurement
of the natural frequencies, the vibration amplitude did not exceed 0.001 inch
and the ratio of vibration amplitude to panel thickness did not exceed 6.7%.
Thus, from the work of Hu-Nan Chu and Herrmann (1956) on simply supported
plates, the vibration should be essentially linear, and this was confirmed

by monitoring the vibration on an oscilloscope.

The natural frequencies of the experimental panels are shown in Table C.2
for the environments used in the modal damping measurements. The free-free
surface condition, when the panel was suspended away from noise reflecting
bodies, represents most closely the theoretical "in vacuo" condition.
Comparing the results with the frequency estimates using Warburton's method,
the measured frequencies are much closer to those predicted for fully-fixed
boundary conditions than those for simply supported edges, which suggests
that the panel has essentially fully-fixed edges. In the lower modes, the
square panel has frequencies rre and fsr vhich are fairly well separated
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; and this can be explained partly, from Hearmon (1959), by the orthotropic
Young's modulus. When the measured frequencies are compared with
estimates using Hearmon's method, the experimental values are generally

lower, but the difference is less than 10%. It is to be expected that the

theoretical methods might overestimate the true frequency to a small
degree but the larger discrepancy suggests that the panels do not conform
completely to fully-fixed conditions, or that the effective boundary,
because of small irregularities in the bonding, does not lie accurately
on the boundary formed by the edge of the rectangular hole in the carrier
plug. However, the discrepancy is not large since slight irregularities

in the material will have an appreciable effect on the thin panels.

When one face of the panel was enclosed by the pressure equalising

L e e e ey b st o e e

! : box, the measured natural frequencies showed a small increase, the change

' being most significant at the fundamental frequency, where increases as
large as 5% were observed. The box is similar to the rectangular enclosure
discussed by Pretlove but has a large leak to the vacuum pump. The open
ended acoustic mode frequency for the combined depth of the plug and the
box is approximately 1,020 c.p.8., which is greater than the fundamental
natural frequencies of the 3.5in x 3.5in and 4.0in x 2.75in panels, bdut

the acoustic natural frequencies of the complete pressure equalising system
are more difficult to predict. However, the measurements suggest that

the presence of the box increases the effective stiffness of the panel, but

by only a small amount.

Table C.2 contains mear values of the natural frequencies which were

obtained from the spectral snalysis of the panel response to boundary
layer excitation for flow velocities of 329 ft/sec and SLO ft/sec. The
values agree closely vwith the discrete frequency measurements, the small
1 : differences in some modes being due, possibly, to slight changes in panel
| : temperature in the presence of the airflow.

C.4 Measured Mode Shapes

The panel mode shapes were measured by traversing the capacitance
probe across the face of the panel, and measuring the vibration amplitude
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at each position. The finite diameter of the probe did not permit the
displacement to be measured close to the boundaries but, as the main aim
was to establish that the panels had no peculiar characterisfics, it was

not considered necessary to use other methods to measure the vibration
close to the edges. The measured mode shapes are shown in Figures C.2

to C.4 for three of the panels, and they are compared with theoretical
shapes for simply supported (equation (C.1)) and fully fixed (equation (C.2)
and (C.3)) boundary conditions.

Every effort was made, by suitable positioning of the exciter and -
probe, to eliminate the effects of off-resonance vibration in other modes
but several modes shown in the figures suffer from distortion which can
be attributed to this type of interference. The distortion could be
reduced if the resonant vibration amplitude was obtuined from the complex
response plane but, for reasons discussed in Chapter U4, this alternative

method suffered from other disadvantages.

The modal patterns for the panels were observed visually from the
Chladni figures and they are shown in Plates C.l to C.3. The patterns
were displayed using aluminium filings, and the discrete frequency
exciter was positioned to minimise the off-resonance vibration in other
modes. The modal patterns are clearly formed fcr all panels except the
4.0in x 1.0in panel, but some of the modes of the 4.0in x 2.75in panel
(Plate C.2) have distorted nodal lines. In particular the modes of order
(1-2) and (3-1) have very close natural frequencies and it was impossible
to position the single exciter so that undistorted nodal lines could be
obtained. Because of elastic snisotropy and slight irregularities @ﬁ the
panel material, the modal vatterns of the 3.5in x 3.5in panel shov no
trace of the modal interaction associated vith ideal square panels, and
the analysis of the random vibration of the square panel presents no
problems additional to those for a rectangular plate.

C.5 Summary

The panel natural frequencies, mode shapes and modal patterns have
been measured using discrete frequency excitation. The natural frequencies
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were found to lie within the frequency range determined by simply supported
and fully fixed edge conditions, but the values were close to those estimated
for the fully fixed boundaries. On this evidence, and that provided by the
measured mode shapes, it is concluded that the boundary conditions of the
experimental panels approximate to those for fully fixed structures. 1In
general the vibrational characteristics of the panel showed no irregularities
and, partly because of the orthotropic elastic properties of the panel

material, the square panel did not possess diagonal or circular modes.

The panel natural frequencies were affected to only a small extent
by the presence of the pressure equalising box, but the frequencies were

influenced by the ambient' temperature.
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APPENDIX D

Panel Root Mean Sgquare Displacement

D.1 Introduction

The theoretical analysis in Chapter 2 has provided a means of estimating

the panel displacement power spectral density function. From Equation (2.45)

the complete spectrum is obtained from a double surmation over the mode
orders a, B or, if the cross terms can be neglected, the analysis can be
reduced to a single summation of the joint terms. In the experimental

investigation, narrow band analysis of the panel response gives the measured

PR S TG IR e ke ks 7

displacement povwer spectrum which can be compared directly with the

theoretical predictions. However, the comparison suffers from the disadvantage
that the magnitude of the spectral density depends critically on the accuracy
of estimation of the modal damping and of the loss of resolution due to the

finite filter bandwidth. When the vibration is compared ir terms of the

mean square or root mean square (r.m.s.) displacement associated with a

broad' frequency band, the experimental errors become less important. Thus

TR VN, - A
R

a response comparison in terms of root mean squsre displacement may give a
more useful indication of the accuracy of the method of estimation. Also,
in some circumstances the mesan modal response may be required in place of

the spectral density.

D.2 Theoretical R.M.S. Displacement

For a aingle degree of freedom system, the displacement power spectral
density function Gd(m). in terms of the angular frequency w, is giver by

AN

Gd(w) - lﬂ(u)lz Gp(u)

vhere H(w) is the complex response function. The mean square displacement

is then : -
vi(t) = | Gy(w) do
0
- [ H(w)]? Qp(w) dw
0
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In a multi-degree of freedom system with single point loading,
the mean square displacement can be determined in a similar way, and

the mean square response in mode r is

G;Z(t) = IOIHr(w)l2 Gp(m) dw « « . (D.1)

vhere Hr(w) is the complex response function for the mode of order r.

Now assume that Gp(m) = constant = Kp » and |Hr(m)|2 has the

form applicable to hysteretic damping with loss factor v, ;

e |H(0)]2 = 1 ... (D.2)

2 2_,2)2 2, 4
Mr ((wr w?)? + v.cw, )

Then equation (D.1l) becomes, on integration,

7K
r r
M 2w 3y
rrr
7 K
o~ ———-L for v << 1 e o o (D03)
M 2w 3y
r rr

For a lightly damped panel the main contribution to ;;2Yt) comes from
the frequency range in the neighbourhood of w . Thus the assumption that
Gp@n) = Kp’ for all w, can be relaxed to apply only to frequencies close
to w, provided that Gp(w) does not increase by several orders of magnitude

at frequencies away from W ..

In equation (D.3), K_ can be expressed in terms of the maximum displace-

ment spectral density Gd(wr) in mode r, vhere, from equation (D.2)

2, 2,, 4
Kb = M2 % Gd(mr) o o« (Dk)
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Substituting equation (D.4) into equation (D.3) yields

Tvw G.(w)

v Z L
vr (t) = 2 rr d'r

v, erd(fr) . « « (D,5)

(SME]

so that the modal mean square displacement can be estimated from the

resonant displacement power spectral density.

For distributed random loading, as in the case of panels excited by
a boundary layer pressure field, assume that conditions exist such that
the cross terms in equation (2.45) can be neglected (see Section 2.8).

Then equation (D.1l) can be replaced, from equation (2.L45) by

KK A B S8 e S e ST s L R

v Z(x,t) ={}¢62(5) Io B, (w)|2 3, (w) G (u) au .« .. (D.6)
Assuming that the major contribution to ;;7(£,t) comes from the
frequency range in the neighbourhood of w_, and that in this range
Gp(u ) and Juo(w ) are effectively constant (as is “he case for -boundary
layer excitation and lightly damped structures; then, from equation (D.S5),
the modal mean square displacement is given by

v lx,t) = v, Ga(r) e« . (D7)

X
2
where Gd(fa) is the peak displacement power spectral density in the mode
of order a, measured at the pocition x un the panel surface. The total

mean square displacement at position X iz obtained from the summation of

equation (D.T) over all a.

Comparing equations (D.3) and {D.U) it is seen that the displacement
pover spectral density at the natural frequency is inversely proportional
to the square of the loss factor whereas the modal mean square displacement
is inversely proportional to the loss factor. Thus errors in the
determination of the loss factor will result in smaller errors in the mean
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square displacement than in the displacement power spectral density

at the natural frequency.

The modal r.m.s. displacements have been estimated from equation (D.T)
for the experimental panels, the position x being the quarier point on a
panel diagonal, x = (i—'l R %3 )e The results are shown in Tables D.1 to D.8.
The theoretical overall r.m.s. displacements were estimated from the modal
data shown. This implies that the mean square displacement was integrated
over an effective frequency range of 0 - 3,000 c.p.s. for panels 3, 4 and 5,
and over a range O - 3,500 c.p.s. for panels 2 and 6. Thus the results
shown in Figure 5.2 as a function of boundary layer thickness may be

® smaller than the true total r.m.s. displacements, but the excluded contri-

4
S
E
z
e
-3
)
I

butions from the higher order modes will be small.

D.3 Measured R.M.S. Displacement

AT A

The total panel r.m.s. displacement was obtained directly from the

measured overall displacement signal, and the results are shown in Figure 5.2.

BT R AR S

The modal r.m.s. displacements have to be measured using narrow band
filters which are chosen so that sufficient energy is included for the
{ given mode, whilst energy from the other modes is excluded as much as
i possible. In the analysis of the experimental results, the modal r.m.s.
E displacement was estimated using filters with a 2% bandwidth, and the results
; are contained in Tables D.l to D.8. The filter bandwidth may appear to be
narrow but it is considerably wider than the bandwidth cf many of tle
resonant peaks in the displacement spectra. Further the filtered signal
contains a negligible contribution from the neighbouring recorarce poaks,
except in a small number of cases. The effect of filter baudwidth was
obgerved by comparing results obtained using filters with bandwidths of
1.2% and 2,0%. For a flow Mach number "o = 0.3, the r.m.s. displacements
determined by the two filters differed by less than 125, except tor the
results of several zodes, identified by asterisks in Tables D.l to D.k.

T M T e T T Y AN .

This difference can be compared with a theoretical dirference of 308 for

aitas KL oA TN

a signal of constant spectral density. When the two filters gave results
vhich differed by more than 12%, the larger difference vas rot recessarily

-186-

S P AP S I




M RV

i 3

e T

due to the use of filters with too narrow a bandwidth. In some cases the

difference occurred because the 2% bandwidth filters allowed the inclusion

of contributions from very close resonant peaks. Three of the panels had
i mode pairs whose natural frequencies were so close together that the r.m.s.

displacements in the individual modes could not be measured. For these

modes the r.m.s. displacement was measured for each mode pair and, in the

Tables, the results are associated with the mode which has the larger
theoretical response of the pair. Such mode pairs are the modes (2-1)
and (1-3) of parel 3, (2-3) and (3-2) of panel 4, and (1-2) and (3-1) of
panel 5.

A comparison of the results in Tables D.l to D.8 shows that in general
the theory overestimates the response, the ratio of theoretical to measured
modal r.m.s. displacement being mainly in the range of 1.0 to 2.0. The
difference will be due partly to the practical impossibility of measuring
the full modal displacement, and partly to the use of simply supported

mode shapes in the theoretical investigation (see Section 5.1.2). A

detalled inspection of the results shows that the theory predicts quite

closely the variation of modal r.m.s. displucement with boundary layer
thickness (Figures 5.3 and 5.4), but that the estimate change of response
p with Mach number is slightly greater than that measured. Hovever, the
effect of Mach number cannot be assessed with confidence because results
are available for only two flovw velocities.
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Figure C1Panel static deflection due to permanent f
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